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. w Given any subspace A' of a Banacll spare 7i, there is a subspace A i i  cont ailling 
.Y a r ~ d  of t he  same density cliarartcr as  .hr : for ~ r l i i c l ~  there exists a linear Hnlln- 
Earlac11 extension operat.or fro111 h1' to  X* . This  result was first proved hy Heinrich 
a n d  A?aliki'ewicz (4, Proposition 3.41 using sume of the deeper results of h4odel 
Theory. More precisely, thcy  used the  Banach space versiori of the L6tuenheim- 
S1:olein theorem due  t.o St.ern 111;: 1vhic11 in i u r n  relies on the  Lowenheiln-Skolen~ 
and J<eisler-Slielah theorems froill hlodel Theory. Pre \ r io~~s ly  ,LinJenstrauss (71: 
using a finite dimensional Ienlilla and  a compactness argument ,  ohtained a version 
of t.his for reflexive spaces. M'e shall show t11a.t t,he same fini t e din~ensjonal  l em~i la  

, leads directly t o  the  general result,  wiillout any appeal to  Model Theory. 

Using h4odel Theoretic methods,  Hejnrich a n d  Mankiewicz 141 developed a 
' su l~s tan t ia l  t l ~eo ry  for Lipscliitz and  uniforlll Iion1eornorp11is1ns of Banach spirres. A 

rarcful reading of their work sllo~vs that tlreir results 011 Lil>scliitz l ~ o ~ n c o n ~ o r p l ~ i s n l s ,  
and certdl i  of their results on uniforni Iroinromorphisms 14. Proposition 4.1 and  
T h e o r e ~ n  5.11. follo\r. from the  al>ove result ( on  linear extension operators).  \ r i t l~out  
any further  need for Model Theory. Thus our  proof p r o s ~ d e s  a purely analytic 
approach t o  these aspects of their t l~eory .  

Let X be a Banach space and  let 111 b e  a closed subspace of A'. For each 
hounded linear functional f : :I1 + R : that  is,  for f an elelnent of t he  dual  space 
7 c .  - . \A , \ve define 

Hn , ( f )  := { j  E S' : ~ ( f l ~  = l l f l l  012d ~ ~ , j =  f } ,  

\:.licre R A T  : X' + AT* is t he  na tura l  restriction operator j - f n , .  Thus  H n r ( f )  
is tlre set of Hahn-Banacli ertcr2.rion.r of f to  -I-. It is n o n e m p t y ,  courtesy of the 
Hahn-Banach  'Theorem, u9'- c o m p a c t  arid c o n v e x .  

A selector T : Ad- + X ~vit l l  Tf E H n l ( f )  for  all f -111' is a Hnhrl-Bunnclr 

I e r i m l i o n  operator  for -ti. Clearly nlcll a T is norm preserr7ing,. 

It. is na tura l  t o  consider t he  question of ~r.Iieli T can he chosen t o  b e  linear. 
Clearly this  i s  a l~vays  the  case when X is a Hilbert space. Tha t  the  converse is also 
t.rur is demonstrated in t he  proposition l~e low .  

TVe begin wit11 t he  fc)llo\ving easily verifircl ol~servations 



Observa t ion  I )  I f  T . J:' + .J-' is a l inear Hn l ln -Banach  extens ion 
o p e r a t o r .  t h e n  P := TR,?! - T' - A'' is a n o r m - 1  p ro jec t ion  \rit11 rnllge 
T . '  a n d  I i c ;P=; I - .  

Ohser \ .a t ion  2 )  ( i )  I f  if is t h e  r a n g e  of a n o r m - 1  p r o j e c t i o n  P 011 _Y. 
i ! ~ r i ?  ?' i z  a l inea r  Hahn-Bai lac l l  ex tens ion  o p e r a t o r  f r o m  -?I;' t o  -Y'. 

Dually.  

i i i )  I f  T : 3.l. + -Ye is a l inear H a h n - B a n a c l ~  ex tens ion  o p e r a t o r ,  
. . :  .. c : !  --' is a n o r m - ]  p r o j e c t i o n  of -I";" o n t o  -11". 

Pri1;losition: E v e r y  ( 2 - d i l ~ ~ e n s i o i ~ a l  ) suhspace  of X' a d m i t s  a l i nea r  
' - i - in!in-Banach ex tens ion  o p e r a t o r  if ( a n d  only i f )  X is a H i l b e r t  space .  

P roof .  Let -4' be a 2-dimensio~lal subspare of X and let 34 1)e 5 7 -  
- .. -‘.,- ... =!anal subspace of AT. Tlien by 2 )  ( i i)  there exists a norm-] projection from 
. .. . c:.!o .'il" = -16, and so by  restriction fro111 -1' onto A f .  Hence b y  Kaliutani 
- \.- :s a Hilbert space. 

I?.:. isomorphic version of ;his is given by Fakliourg ( 1 ,  ThCorkllle 3.71. 

The above proposition suggests that subspaces ~vllich admit a linear Hzhn- 
- 
~ z r . i . c h  extension operator mi.? not be very comlnon. On t,lle otlier hznd, the main 
-: . . r~c~rex shows that ,  in some sense, subspaces \?-it.h this property are plentiful. As 
-~ -..., c - 
. . .- . .ous ly  noted, our proof needs the follo\~ing lemnla due to  Lindenstrauss , r ] .  

Lcriilna: Le t  F b e  a f in i te  d i m e n s i o ~ l a l  s u h s p a c e  of S a n d  l e t  k E X \'and 
? b e  gix~en.  T h e n  t h e r e  exis ts  a f in i te  d imens iona l  s u h s p a c e  2 2 F 

S L I C ~  t h a t  for  a l l  s u b s p a c e s  E 2 F \ v i t l ~  d~ntE,,'F 5 I: t h e r e  is a l inea r  
rxapp ing  T : E + Z w i t h  T , ,  5 1 + 5 a n d  TIF = Id.  

Tllc-orem: Le t  21' b e  a s u h s p a c e  of a B a n a c h  space  S. T h e n  t h e r e  exis ts  
;: s ~ l h s p a c e  -71 2 A- w i t h  dcns -11 = dens A' a n d  a l inear  H a h i l - B a n a c h  
ex1 cns ion o p e r a t  o r  T : -?I* - X * .  

P r o o f .  IVe first prove t h e  result for iY separable. Let (xn ) r= := ,  be 2 dense 
stc2::r:lcr in  .Y . Starting \vit!i -'1fo := (0) we inductively define subs,-iaces .';I, )I!.: 

-:I, is 1hr  subspare Z given 07 the above lemma with F :=< A l n - ,  +zn >,  !: := rr 
5 := I :'n . Put  31 := U -'):, . Clearly d l  is separable and contairz .4'. 

n 

KO\Y for ehch n define 

I ,  := { E  5 -1- : E 2 Al, and dint ElAl,, 5 n ) ,  



alid let. 

Since En E I ,  and Em E In, illlplies E , T E , , , + - ' ~ ~ ~ , , ~ ~ E . , + ~ ~ V ~ ~ E ~  E Idini~, , i  drmE,, 

1:-e !lave that I :  ordered by inclusioll~ is a directed set. Hence tlie ianlily oisets  of 
the for111 { E  E I  : E > Eo]  , n-it11 Eo E 1 ,  is a s ~ l l ~ l ~ a s e  for a filter. Let 11 be ally 
errension of this filter t.o an i~ltra-filter on I .  Furt.11er Ire note t.llat for r E -Y we 
llavethat  I ,  : = { E E  I  : T E E } =  { E E  I : E  > < T ~ , Z > }  €11. 

For each E E I  let n ( E )  := nior{n : E E I , , )  , ~rh ich  exists since tlie dinlc~lsioli 
o i  E is finite. Then b:, thc lenlma there exists TL- : E + A f , , ( E ) T 1  < A1 wit11 

TE i,w,,(,) = Id and T E I (  5 1 T l / ? r ( E ) .  

Extend TE (non lillearly) to S 11s setting 

Regarding T E ( r )  as an element of A f * '  lye defil:r T on A f '  by 

For tlle definition and existence of linljt s over ult ra-filt ers in colnpact Hausdorn" 
spaces see, for example, j10:. 

It is now routine to  verify that T is the required linear Hahn-Banecll extel~sio:~ 
operator for A T .  For example,to establish that T ( f )  E -Y' . w\.r need only note that 
given I ,  y E X we have 

for all E E I ,  fi I ,  E U 

The general result we ~ i o w  establish by transfinite induction on cj'crr.5 -V 

Suppose dens n' > R o .  Let q be the first ordinal of cardin2i:y dcns .'\'. 

a:.d let { x ,  : a < q )  be dense in A'. The argument above ?ields t seperahlt- 
sxLspace A f F ,  containing { a ,  : a < R, , )  and a linear Habn-Banach extecsio:. 
operator TKO : A4A0 4 -Y'. B y  the induction l~ypot l~es is .  i i  K O  < o < 7 r e  car. 

E z d  a subspace AT, \rith U A f p  u {r , )  c nf, .  dens 31, < cord a and i; l i l~ezr 
B<o 

Xihn-Banach extension operator To : AT: i -Y'. 

Put Af := U A f o .  Clearly n' < .llf and dcns Id = dcns A';. No\:- defir!f 
,=<TI 

7- : . I f '  i X' by 
Ti f )  := ul' - 1in1 L R n l ,  ( j ) ,  

14 
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where U is any non-trivial ultra-filter on {o : o < 1 1 ) .  It. is readily verified that T is 
a linear Halul-Banacl~ ext.ensio~l operator for .?I , t.11ereby est.ablis11ii1g t.11e theoren]. 

Co~nhini~lg  fhis result xvit11 Obserl-atio~; 1) we have the following. 

Coro l l a ry  [4,p227]: I f  S is t h e  d u a l  of a non-sepa rab le  B a n a c h  s p a c e  
t h e n  A' con ta ins  u n c o u n t a b l y  m a n y  p r o p e r  no rm-one  c o m p l e ~ n e n t e d  s u b -  
spaces .  

Similarly from observat.ioll 2 ii) we 11avc 

Coro l l a ry  (71: I f  X is reflexive t h e n ,  eve ry  subspace  o f  -Y is con ta ined  i n  

T - a n o r m - o n e  c o m p l e m e n t e d  s u b s p a c e  wi th  t h e  s a m e  dens i ty  cha rac te r .  

Various other resu1t.s on Hahn-Banach extension operators are scattered througil- 
out the literature. Questions concerning uiliqueness of extensions; existence of linerr 
selections and continuity propert.ies of the mapping f  ++ H A , ( ( )  &rise nafurally. l ye  
sllall conclude with a i e ~ r  observatio~ls and a brief survey of knon,n results. 

Let us note that  t h e  m a p p i n g  f H J f n r ( f )  is n o r m  i o IV' - u p p e r  s e m i  
con t inuous .  To see this let ( 1  f ,  - f  I( -4 0 in Ad' and let A' be a 211' - neighhourlic~od 
of H M ( f ) .  If H n 4 ( f n )  is not eventually in -A1 we may , 11y passing to a subsequc:.ce 
if necessary, assume that HA,(  f ,)  n' for any n .  But, the11 for each n there e c t  s 

gn E H M ( f n )  \ A'. Let ( g n o )  be a subnet converging ul' to g .  then _o @ AT.No\.: 

l i g [ i  5 liminf l l_ono 1 1  = liminf \ ] f n o  1 1  = /If11 
0 0 

and  for nl E -44 , g ( m )  is a cluster poinf of t h r  sequrnre (gn(n7) )  = f f , ( m ) )  wk:ci? 
converges to f (n7). Thus g  E H A , (  f ), colltradicting g A-. 

Tlle quest.ion of n.llen T is unique (that is, 1v11el1 HA,( f )  is t si1lgleio:i S ~ I  

for all f E M')  has been considered by Taylor 1131 and Foguel 121. Their resclrs 
sl~on, that there is a unique Hnl~l~-Bnn;~rll  cxt.cl~sioll opernt.or for c:-ery 111 5 S 

t - if and only if -X' is strictly co:,vex. Pllrlps j9! proved that. a gix-el: suljsparc -':J 
i . A l l l S  it lln;?:;? 11;~s a unique Halln-Banacll extellsio~~ operator if and only if ~71- ro:.. ' 

closest. point. to  each element of S' . 

T7i7hen T is unique it is by the above result 11orn1 to  ul' col~tinuous. TVe as;:. i s  
the converse also true? That is, if there is a norm to .I,?' continuouc Hahn-Bane-11 
extension operator for A l ,  is H h f ( f )  necessarily a singleton set for racll f E 13:- 7 
The analogy with the Duality Inap [see for example, 31 sllould be noted. 

We finally summarize sufficient col~ditinns for a fixed subsphce t r -  ~ d r n i t  a lin-2: 
Halln-Banac11 extension operat or. 

Faklloury jl, Corollaire 2.161 shows thar a subspace A1 adn i t s  I: linear He!.:A- 
Eanz~ch extension operator to  < -4l .x  > for each I in X if and on!? if for ever:.- n 



tlic following colldition T;, IS satisfietl: If r n l . m ~ :  ...: m,, E A l  and r l ,  r 2 ,  .... r ,  > 0 
1 " 

arc silcll tliat n B,.,(n7,) + P I ,  tlien A9 n B,.,(m;) # fi. Li111a IG ,  P~.oposition 3.21 
1 1 

pave a different proof of i l l is  resiilf: via a consideration of tlie follolr,ing question: 

Tl-llen. given 77 > 2 ,  and any i l ,  j2, .... jn E Jl* ~r i t l i  2 f, = 0, c a l  Ire find 
I 

n - 
.f, E H n ~ ( j ; )  with C j, = O ?  He cl~aracterised such Ad as  those for villiclt P, 

I 
!lolds for the  presrribed n IG,  Theorem 3.1, .  He also showed j6,Theoreln 4.81 that 
!i 7',, holds for all n and  i l l  addition AT is ~rcakly  Haltn-Banacli smootli i r .  -1- [lzj ,  
;lien Jf admits  a linear Hahll-Baniich extension operafor tc, all of X . In pzrticular 
this last ronditioil is satisfied ~vlien the extension operator is unique. 

.4n alt.ernative coltditioli sufficient for a linear Hahn-Banacll extension operator 
for 121 follows direct .1~ fro111 Pelczynski 16: pplG1-167]. Xan~ely :  A l  admits  a li~ical. 
Ea211i-Banach ext.ensjo11 operator if t.liere exists a relmcl R : S -+ M such that for 
some r > 0 and all x,y E .X we have IRr 7 Ryll 5 T a l i e i ~ c ~ ~ e r  / ! a  - yi: 5 r .  This 
i: a150 in 11, corollaire 1.11j. 

TYe remark that  if A f  5 -1- and is a Lindenstrauss space ( t i ~ a t  is, an 
L,-predual  ) then there is a linear Hahn-Banach ertel~sion operator f7o:n Ii l '  t o  
.Y* . This follows directly from the injectivity of 31" . See Fal~lioury !I. Coro!la~re 
3 9 '  "'",' 

Fakhoury [ I ,  Thi.orl.llle 3.1) s l ~ o \ ~ s  that a snbspace l i f  of X adl=1;:s a linear 
Halln-Bana.ch extension operat,or if and only iievery finite rank (compaci / ~reak ly  
compact)  linear operator  from AT into another Banach space has s Snite rank 
I colllpart j' weakly compact)  llorlll prcscrving extension to  a11 of .Y. 
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