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1. Introduction. Let E and E’ be two elliptic curves over a number
field, linked by an isogeny f : E — E’. Can we compare their heights? In
the case of the Faltings height, a classical result [Fal83, Ray85| states that

(1.1) |hpa (E) — hpai(E')] < %ln deg f.

A more elementary height is A(j(E)), the Weil height of the j-invariant of E.
For this height, the second author [Paz19| proved

(1.2) W (E)) — h(§(E'))| < 9.204 + 121n deg f.

The proof of involves modifying the Faltings height at the infinite places
so that the result can be deduced from .

In the present paper, we consider function field analogues of these results.
Consider two Drinfeld Fg[t]-modules of rank r > 2 linked by an isogeny
f ¢ — ¢'. There are several notions of height of a Drinfeld module; the
best analogue of the Faltings height was defined by Taguchi [Tag93], who
also proved a variant of for Drinfeld modules (see Lemma below).

For the more elementary height hg associated to the coefficients of a
Drinfeld module, we prove an analogue of of the form

(1.3) h (@) — ha(e)| < log,deg f + (qf a )

1 ¢ -1

Our basic approach is somewhat similar to that in [Pazl9], with some
natural changes: we use analytic estimates based on the technology developed
by Gekeler [Gek97, [Gek17, [Gek19], notably the fundamental domain for the
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moduli space of Drinfeld modules, Bruhat—Tits buildings, and we conclude
by invoking Taguchi’s Isogeny Lemma. Combined with a deeper result of
David-Denis [DD99], this allows us to give a new proof of the finiteness of
isomorphism classes of Drinfeld modules over a global function field within
each isogeny class (see Corollary . A variant of in the special case
r = 2 allows us to deduce explicit estimates on the height of Drinfeld modular
polynomials in the rank 2 case (see Propositionand equation below).
The layout of this paper is as follows. In Section [2] we define heights
associated to Drinfeld modules. Our main results are stated in Section [Bl

In Section ] we introduce the notion of a reduced Drinfeld module and
define Taguchi’s height. Our main results are then proved in Section[5] where
we compute various analytic estimates. Finally, we deduce the upper bound
on the coefficients of Drinfeld modular polynomials (in the rank 2 case) in
Section [6l

2. Heights of Drinfeld modules

2.1. Places. Let A =T,[t] and F' = F,(t). To each place v of F' we asso-
ciate an absolute value |-|, normalized as follows. A place of F' corresponding
to a monic irreducible polynomial P € A is called a finite place, and we have
2], = ¢~ (48 P)vp(@) for o € F. There is one more place, denoted oo € My,
with |z]e = g®87.

For a finite extension K/F we denote by My the set of places of K.
A place v € M is called infinite if it is an extension of oo, otherwise it is
called finite. The sets of finite and infinite places of K are denoted by M IJ;
and M$%°, respectively.

To each place v € Mg we associate its absolute value normalized so that
for every x € F we have |z|, = |x|y, where w € My lies beneath v.

To each place v € Mg we also associate the ramification index e, (so
|K|, C q11/¢)%), the residual degree f, and the local degree n, = [K, : F]
= evf v

We have the following two important properties:

e Product formula: For every z € K, [[,cpy,. 2[5 = 1.
e Extension formula: For every w € M, [K : F| =}, no.

Note that in articles like [DD99] and [Tag93], the absolute values are nor-
malized differently; the exponent e, is included in |x|,, so in their situation
the product formula holds with n, replaced by f,.

Finally, for the remainder of this article, log always means the logarithm
to base q.
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We will associate to a Drinfeld module a number of different heights.
Every height h will be decomposed into a sum of local heights,

We also write

for the finite and infinite components, respectively.

2.2. Naive heights. Let ¢ be a Drinfeld F[¢]-module of rank r over K.
We assume throughout this paper that » > 2 and that our Drinfeld modules
are of generic characteristic. Then ¢ is characterized by

¢>t(X)ZtX+g1Xq+92Xq2—i—-'-—l-ngqT, gi € K, g- #0.

We refer to the g1,..., g, as the coefficients of ¢.
Let d =lem{q—1,¢*>—1,...,¢" —1}. For k=1,...,r, set

g2/@=1)
(2.1) Jr= ey € K, and S =J(9) = (1, dn).
gr

Clearly j, = 1. These are isomorphism invariants of ¢.

REMARK 2.1. These invariants differ from those defined by Potemine
in [Pot98, (2.5)] in their exponents: we have chosen exponents such that
each jp has the same denominator, whereas Potemine used the least integer
exponents for each ji. Nevertheless, it follows from [Pot98, Theorem 2.2]
that for each tuple (ay,...,a,_1) € F"! there are at most finitely many
F-isomorphism classes of Drinfeld modules ¢ with J(¢) = (a1, ...,a,_1,1).

Now we define the J-height of ¢:
1

(2.2) hy(¢) :=h(J) = "o > nylogmax{|jile, .., [jrlo},
vEME

which is just the logarithmic Weil height of the tuple J. This height, and its
local components h%(¢) for v € M, are invariant under isomorphisms of ¢.

In the special case r = 2, we see that j; = j = g‘f“/gg is the usual
j-invariant and h(J) = h(j) is the usual height of j € K.
Next, consider the weighted projective space
WP:=P(qg—1,¢*—1,...,¢" — 1),

which is Proj of the graded polynomial ring Klgi,...,gr], where the inde-
terminates are assigned the weights deg g, = ¢* — 1.



4 F. Breuer et al.

It is well-known that WP—V (g, = 0) is the coarse moduli space of rank r
Drinfeld modules. Indeed, if ¢’ is another Drinfeld module with ¢,(X) =
tX—}—g’qu—i—géXq2 +---+9¢. X7 then (g1,...,9,) and (g},...,g.) represent
the same point in WP if and only if ¢ and ¢’ are isomorphic over some
algebraically closed field.

One can define heights on weighted projective spaces in the obvious way,
and the height associated to the point representing ¢ is called the graded
height of ¢:

(2.3)

1 ) .
he(0) 1= gy D mwlogmax{(arl}/ 0V [gall/ Y. g, ),

vEME
For a finite place v € M , the local component h¢,(¢) = n, log max;|g; \U /' =1)
equals Taguchi’s v(¢) (see [Tag93, §2]).

From the product formula, we see that

(2.4) dha (@) = hy(9),

and so again hg(¢) is invariant under isomorphism. However, the local com-
ponents hg(¢) depend on the choice of ¢ in its isomorphism class.

PROPOSITION 2.2. Let F' = Fy(t) and let K/F be a finite extension.
Let C > 0. Then there are only finitely many F-isomorphism classes of
rank r Drinfeld modules ¢ defined over K such that hj(¢) < C (respectively

ha(¢) < C).
Proof. The usual Northcott Theorem for the Weil height implies that

there are only finitely many (j1, ..., j,—1) € K"~! for which h(j1,...,jr—1,1)
< C. The result now follows from Remark and the identity (2.4). m

3. Main results. Let f : ¢ — ¢ be an isogeny of Drinfeld modules
(still of generic characteristic) of degree deg f := # ker f. We may associate
to f a (not necessarily unique) dual isogeny f : ¢/ — ¢ of degree deg f <
(deg f)" 1, such that fo f = ¢n, where N € A is an element of minimal
degree for which ker f C ¢[N], and similarly fo f = ¢’y In particular,
deg N = %(log deg f + log deg f) < logdeg f. See for example [DD99, Lem-
me 2.19].

Denote by K an algebraic closure of K. We now state our main result.

THEOREM 3.1. Let f: ¢ — @' be an isogeny of rank r Drinfeld modules
over K and suppose ker f C ¢[N].

(1) We have

(3.1) () = hate)l < des N+ (1 - ),
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(2) Suppose r = 2. Then we have the following variant. Let j = ji(¢) and
j"=j1(¢'). Then

(32)  h() - () <® S log 1+ a7 +

This is the analogue of Theorem 1.1 of [Paz19].

2_1 2
logdegf—i-q

REMARK 3.2. If r > 3, we cannot hope to get a similar result replacing
he with the height h(ji) of a single invariant, as the following example shows.
Fix a Drinfeld module ¢ and consider all isogenies f : ¢ — ¢ of kernel

ker f = A/tA, where
G(X) =X + X7+ XT | ¢)(X) = tX + ¢, X + ghXT + X,
f(X) = foX—i—Xq.

From f o ¢y = ¢ o f, comparing coefficients of X7 and X q3, we obtain

(83)  gi=fo "(fog1+1"—1) and ghy=fo—fi, rvespectively.
Since ker f C ker ¢, we write ¢ = Po f for some P(X) = aX +bX7+ X7
Again, comparing coefficients gives

a=fi't, b= —ng and  fo 't — ngJrq =g1.
Thus fj is a root of
(3.4) XCHetl 4 g X —t=0.

Conversely, every root fy of (3.4) produces an isogeny f : ¢ — ¢’ as above.
For each such root, from (3.3)) we obtain

2 1 _ 3
(3.5) Gri=—f TN g=fo— 17
In particular, if h(gy) is very large, then at least one of the roots fj of ((3.4])

has large height, and thus so does the corresponding g5. Then h(j2(¢’)) is
large, whereas h(j2(¢)) = 0 and deg f = q.

The following result follows from Theorem and [DD99, Thm. 1.3|:

COROLLARY 3.3. There exists an effectively computable constant C, de-
pending only on r and q, such that the following holds. Suppose ¢ and ¢' are
rank v Drinfeld F4[t|-modules, defined over a finite extension K/F, which

are isogeneous over K. Then
ha(¢') = ha(9)] < 10(r +1)"log([K : Flha(¢)) + C.

Proof. By [DD99, Thm. 1.3], there exists an effectively computable con-
stant co = ¢o(r, q) and an isogeny f : ¢ — ¢ of degree

deg f < ea([K : Flh(¢)) """,
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Here h(¢) denotes a height function defined in terms of the coefficients of ¢

by h(¢) = max{h(g1),...,h(gr)}. It is easy to see that h(¢) < (¢" —1)hg(¢),
S0

\ha(¢') — ha(¢)| < deg N + (q_ql _ qT(J_ 1)
<logdeg f + <qql _ qrq, 1>
< log(ea([K : Fl(a" = Dha())' D7) + (qfl e 1>.

The result follows. =

Applying Proposition [2.2] we recover the following result, which was orig-
inally proved by Taguchi [Tag99).

COROLLARY 3.4. Each K—is_ogeny class of Drinfeld modules defined over
K contains only finitely many K-isomorphism classes of Drinfeld modules.

Note that our approach would lead the interested reader to an explicit
bound on the number of K-isomorphism classes within a K-isogeny class.

4. Lattices and Taguchi’s height

4.1. Lattices. Let Fy = Fy((1/t)) be the completion of F' at the

place oo, and Co, = F, the completion of an algebraic closure of F..; it
is complete and algebraically closed and plays the role of the complex num-
bers in characteristic p > 0. Recall that A = F[t].
A lattice of rank 7 > 1 is an A-submodule A C C4 of the form A =
w1 A+ -+ w-A, where the wy,...,w, € Cy are Fy-linearly independent.
A successive minimum basis for a lattice A is an A-basis (w1, ...,w,) for
A satisfying the properties

ol 2 - 2 o]
and, for k=1,...,r,

|wg| :inf({)\— zT: a;w;

i=k+1

Afily---,0p € A, )\6/1} \{0}).

In other words, w, is a minimal non-zero element of A and each wjy, is minimal
among the non-zero elements of A not spanned by the wi1,...,w,. We can
think of such a basis as being an “orthogonal” basis. Every lattice has a
successive minimum basis, and we define the covolume of A by

(4.1) D(4) := |wi] - - wr ],
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where (w1, ..., w,) is any successive minimum basis of A. By [Tag93| (4.1)] or
[Gek19, Prop. 3.1], this is independent of the choice of successive minimum
basis.

The covolume of a lattice satisfies the following desirable properties.

LEMMA 4.1. Let A C Cy be a lattice of rank r.

(1) Choose an F,[t]-basis (w1, ... ,wr) of A. Let v € GL,(Fu) and denote by
YA the lattice spanned by (w1, ...,w.)y . Then
D(yA) = |det|D(A).
(2) Let c € C. Then
D(cA) = |¢|"D(A).
(3) Let A" be a lattice of rank r such that A C A" C Cs. Then
(A" A) = D(A)/D(A).

Proof. Part (1) is [Tag93|, Prop. 4.4] applied to the A-lattice A inside the
F-vector space V' C Cy spanned by (w1, ...,w,).

Part (2) follows from the definition. Part (3) follows from (1) as A = A’
for a suitable v € GL, (F') with coefficients in A and |dety| = (A" : A). =

A lattice A C C is said to be reduced if it has a successive minimum
basis (w1, ...,w,) with w, = 1. Equivalently,
A is reduced if and only if 1 € A and every non-zero A € A satisfies
Al > 1.

Every Drinfeld module ¢ over C is associated to a rank r lattice A C Cy
and vice versa. We call a Drinfeld module ¢ reduced if its associated lattice is
reduced. Every Drinfeld module is isomorphic over C, to a reduced Drinfeld
module. (The analogous condition on an elliptic curve is to correspond to a
point in the fundamental domain of the upper half-plane.)

LEMMA 4.2 (Analytic Isogeny Lemma). Let f : ¢ — ¢’ be an isogeny of
reduced Drinfeld modules over Cso with associated reduced lattices A, A’ C Cyo,
respectively. Then

(4.2) —logdeg f < log D(A) —log D(A) < log deg f.

Proof. Analytically, the isogeny f : ¢ — ¢’ is given by multiplication by
a € Co for which aAd C A" and ker f = A'/aA. Thus

deg f = (4" : ad) = D(ad)/D(A) = |a|"D(4)/D(A),

so D(A)/D(A") = |a|™" deg f. Since A is reduced, 1 € A and thus a-1 € A'.
Since A’ is reduced, we must have |a| > 1, giving

D(A)/D(A') < deg f.
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This proves the upper bound, and the lower bound follows by applying this
to ]E : ¢/ — (;5 =

4.2. Taguchi’s height. Let ¢ be a Drinfeld module defined over a finite
extension K/F. We recall that ¢ is said to have stable reduction at a place
veM [f( if it is isomorphic over K to a Drinfeld module qg defined over the
valuation ring O, C K of v whose reduction modulo the maximal ideal m,,
of O, is a Drinfeld module of positive rank over the residue field O,/m,.
Equivalently, h¢:(¢) € Z (see [Tag93| p. 301]). We say that ¢ has everywhere
stable reduction if it has stable reduction at every finite place v € leo
equivalently if h¢:(¢) € Z for every v € Mif( By [DD99, Lemme 2.10],
every Drinfeld module over K acquires everywhere stable reduction after
replacing K by a finite extension thereof.

In [Tag93| Taguchi defines the differential height of ¢ as the degree of the
metrized conormal line bundle along the unit section associated to a minimal
model of ¢. It serves as the analogue of the Faltings height. All we need here
is the identity (5.9.1) of [Tag93], valid for Drinfeld modules with everywhere
stable reduction, which we adopt as our definition:

43)  hned) = e 0 He@) = 3 mloD(A)!]

vEMIf( veMp

= Wy (0) + hog (9),

where we set
1

h'{‘ag(¢) = ﬁ Zf h%(¢)7
vEMj,
1
h’ol‘oag((p) = _m Z Ty IOgD(Av)l/r’
veEME

Notice that the sign is included in the definition of A, (¢)—the reader
should keep this in mind when reading the remaining calculations in this
paper.

Here A, C C is the lattice associated to the Drinfeld module ¢ over Cq,
obtained by embedding the coefficients g; into C,, via the embedding o :
K — C associated to the infinite place v.

We see that the finite part coincides with the finite part of our graded
height:

hog(0) = B (9).

Our definition of htag(¢) only coincides with Taguchi’s differential height
when ¢ has stable reduction at every finite place. For the general case, the
reader will find an excellent treatment of Taguchi’s height in [Wei20), §5.1].
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We add a proof that hrag(¢) as defined above satisfies the following desirable
properties.

LEMMA 4.3. Let ¢ be a Drinfeld module with everywhere stable reduction,
defined over a global function field K.

(1) hrag(e), h%ag((ﬁ) and hi,,(¢) do not depend on the choice of the field K.

(2) hrag(¢) is invariant under K-isomorphism.

Proof. Suppose that L/K is a finite extension. Suppose vy,vy € My, lie
above the same place of K. Then |g;|,, = |gi|v, for each i and also D(A,,) =
D(Ay,). The first item follows as usual from [L : K| =}, [Lv : Ku).

To prove the second item, let ¢ € K* and replace K by K(c), which we
may by the first item. Now

Tag( _1¢C) Tag( log ‘C‘U
UEMf
and

h%;g(c_lqbc) = Z nylog D(¢™ ' A,)YT

UEM°°

1
- o log[le| 7" D (A"
UEMOO

1
Rel0)+ gy 3 moloBlel
veEMZ

The result now follows from the product formula ) 5, nyloglcly =0. =
The advantage of ht,g is that it behaves well under isogenies.

LEMMA 4.4 (Taguchi’s Isogeny Lemma). Let f: ¢ — ¢ be a K-isogeny
between two rank r Drinfeld modules over K with everywhere stable reduction.
Then

1 . 1
——logdeg f < Prag(®) — Prag () < —logdeg f.

Proof. We start with [Tag93, Lemma 5.5]; it states that

hTag(¢,> - hTag(¢) = % log deg f [K ! F] log #(R/Df)

Here, R is the integral closure of A in F, and the ideal Dy C R is the
different of f. We do not need the exact definition of this, merely the fact
that #(R/Dy) is a positive integer, so log #(R/Dy) > 0. This gives us the
upper bound, and the lower bound is obtained by applying the upper bound
to the dual isogeny f: ¢’ — ¢. m
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5. Analytic estimates. The proof of Theorem [3-T]involves breaking up
the difference in heights, using the identity hTag(qS) = hl (), as follows:

(5.1)  ha(¢) — ha(9)
= [Mag(9') = hrmag(9)] + [ (&) — b ()] + [P () — o (¢)] -
(A) (E) (C)
Part (A) is bounded using Taguchi’s Isogeny Lemma [£.4]

Bounding the terms (B) and (C) will require some analytic estimates,
which we outline next.

5.1. Proof of Theorem [3.1(1). We start by [DD99, Lemme 2.10]:
we may replace K by a finite extension so that ¢ and ¢’ have everywhere
stable reduction. From now on, our Drinfeld modules are all assumed to have
everywhere stable reduction.

LEMMA 5.1. Let ¢ be a Drinfeld module of rank r over Co with associated
lattice A. Then the quantity

log max{|g1| /01, g/, g, [V DY 4 log D(A)VT € R
is invariant under isomorphisms of @.

Proof. Let ¢/ = ¢ '¢c with ¢ € C¥_ be another Drinfeld module isomor-
phic to ¢. Then

log max{|gf /(@1 |g5 |1/ (@D, Igrll/ =DV 4 log D(AYV"
= log max{|c?” 1g1]1/ 7-1) ,\cq Lgs \1/(‘12_1 T —1gT’1/(qT—1)}
+ log D(c_lA)l/T
= logmax{|g1|" @V, |go| V@V g [V« DY 4 log D(A)". w

Let ¢/K be a rank r Drinfeld module with coefficients g1,...,¢9, € K.
To each infinite place v € Mz® we associate an embedding o : K < C, for
which |z|, = |z7] for any x € K. Then A, C C is the lattice associated to
the Drinfeld module ¢ /C defined by the coefficients g7, ..., g7 € C

We rewrite (B) 4 (C) of as follows:

(5.2)  (B)+(C)

_ 1 1511/ (qi—1) o 1/@1‘-1)}
= KT KE% <[log max |g;” | log max 97|
[0

+ [1 log D(4}) — ~log D(Aaﬂ )

By Lemma [5.1] the term for each 0 : K < Cs in (5.2) depends only on
the isomorphism classes of ¢ and ¢'°. Therefore, in the remainder of this
section, we will frequently make the following reduction:
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REDUCTION 5.2. Whenever the Drinfeld module ¢° arises in the context
of (5.2), we replace it by an isomorphic reduced Drinfeld module, which we
may by Lemma and which by abuse of notation we again denote by ¢°.

Under Reduction (C) is bounded by Lemma

1

1 A~ 1 R
(59 WRald) ~WEul6) < Gy 3 o londenf = Clogdeg .

Next, we obtain an absolute bound on part (B).

LEMMA 5.3. Let ¢/Cs be a reduced Drinfeld module of rank r. Then

< 11/ 1) « 4
(5.4) bg@g@A

¢ —1" Tq-1
Proof. For this we must recall some concepts introduced in [Gek17]. De-
fine

F={(wi,...,w,) €C_|wy, =1and (wr,...,w,) forms a
successive minimum basis for the lattice wi A + - -+ + w, A}.

This set is a fundamental domain (in a suitable sense) for the action of
GL,(A) on the Drinfeld period domain

2" ={(wi,...,w) €C |wp =1and wi,...,w, are linearly
independent over Fi}.

Every reduced Drinfeld module ¢/Cs corresponds to a reduced lattice of
the form A = w; A+ -+ 4+ w, A for some (wy,...,w,) € F.

Denote by BT the Bruhat-Tits building of PGL,.(F ) and by BT (Q) the
points in the realization of BT with rational barycentric coordinates. The
image of F under the building map A : 2" — BT (Q) (see [GeklT, §2.3]) is
an (r — 1)-dimensional simplicial complex W whose vertices correspond to
integer r-tuples (k1,...,k,) € ZL, with ky > --- > k., = 0. The preimage of
such a vertex consists of lattice bases (wi,...,w,) satisfying |w;| = ¢* for
each i.

The origin of W is denoted o = (0,...,0). By |Gekl7, §4.6], for w €
A~!(0) we have log |g-(w)| = ¢", and for each i = 1,...,r—1, log|g;(w)| < ¢,
with equality achieved somewhere on the set A71(0) by [Gek1T, Cor. 4.16].

By [Gekl17, Cor. 4.11 and 4.16] it follows that each log|g;(w)| is non-
increasing as A(w) moves away from o in W(Q), and so, foreveryi =1,...,r,

(5.5) log|gi(w)| < ¢ forallw € F.

This implies the upper bound in ([5.4)).
For eachi =1,...,r—1 we define the ith wall of W to be the subcomplex
W; C W spanned by vertices satisfying k; = k;;1. Its preimage under the
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building map is denoted
Fi= A" (Wi(Q) = {(wi, .. wr) € F | |wi| = [wigal}-

To prove the lower bound, first note that by |Gek17, Cor. 4.16],
(5.6) log|gi(w)|=¢q forallwe F~ F._1;
we claim that, for i =2,3,...,r —1,
(5.7) loglgi(w)|=¢" forallw e (FriNFpoN---NFp_iz1)~ Fri.
Indeed, by |GeklT, Cor. 4.16], since w ¢ F,_;, log |gi(w)| is constant on the
fibres of A, we may consider log |g;| as a function on W(Q). Since 1 = |w,| =
lwp—1| = -+ = |wr—i+1|, the point A(w) € W(Q) lies in a simplex all of whose
edges can be reached from the vertex o by paths consisting entirely of edges
of the form k — k 4+ ky for £ < r — i (here ky = (1,...,1,0,...,0) contains
¢ ones). By |Gek17, Prop. 4.10 and Cor. 4.16], log|g;| is constant on these
edges, and it interpolates linearly within each simplex, hence log |g;(w)| =

log [|gi(A"1(0))|| = ¢*, by [GekIT, §4.6]. This proves the claim.
Every w € F lies in one of the subsets

FNFrot, Froa N Froa, (frflﬂ]:er)\frfBa SRR (]:Tflﬂ"'ﬂ]:l):{o}'

Hence, by (5.6), (5:7) and log|g.(0)| = ¢", we have log |gi(w)| = ¢ for some
i=1,...,r, and the lower bound in (5.4)) follows. m

In particular, we find that in (5.1]), after Reduction ,
1 q q
5.8 hE (¢)) — hE < — —_— =
68 IE) 13O gy ¥ on( - 2)
veEMP
a 4
g—1 ¢ -1
Now Lemma together with (5.3)) and (5.8) and the fact that deg N =
1 (log deg f + log deg f) imply Theorem (1) .
5.2. Proof of Theorem (2)
LEMMA 5.4. Let ¢/Cy be a reduced rank 2 Drinfeld module with asso-
ctated reduced lattice A C Co. Then
1
1<D(A) < max{log (@), 1}.
q

Proof. We use an estimate of |j(¢)| obtained by Gekeler [Gek97]. The
reduced rank 2 lattice A has a successive minimum basis (w1, 1), where w; €
Cso satisfies

1< = ;= inf —z| = D(A).
<ferl = ek == inf fer 2] = D(A)
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Suppose first that k = log D(A) € Z>o. Then |Gek97, Theorem 2.17] gives

log |j(¢)] = ¢"*' = ¢D(A) ifk>1,
log|j(9)| < ¢ = qD(A) if k= 0.
Furthermore, log|j(¢)| interpolates linearly between integral values of k

[Gek9T, Rem. 2.14], in other words, if k£ = |log D(A)] and s =log D(A) — k
> 0, then

log|j(9)| = s¢" ™" + (1 — 5)¢" 2.
Since x — ¢**! is convex, it follows that for D(A) > 1,

log |j(¢)] 2 ¢D(A).

The lemma follows.

We now use this to get another estimate of (C) in the case r = 2 and
Jj = j1(¢) and j' = j1(¢). Since we are assuming that each A, is reduced,
D(A,) > 1. We obtain

1

oE o mellog DIA)Y —log D(4)?)

veEMZ

1 1 1
< Wlog DAY < ——— vl —log|j'|v, 1
< g O Mlos DAY < g 3 mlogma log .

veEME veEMP

1 1.,
:m Z logmax{qlog\jg\",l}

0:K—Cq

LT 1 ) 1/[K:F]
:§IOg H max{qlogb |“,1} ]

~0: K —Cqo

1 1 1
< —log g max{ log |/7|™, 1}]
2 '[K : F] 0:K—Cqo q

(by the AM-GM inequality)

[ 1 1 1 1
log|1+ ——— N, Max logj’“,0}<log{1+hj’}
e O S g e )

Plugging this, Lemma and (5.8]) into (5.1]), we obtain
2

1 1 1
ha (@) — ha(6) < ; logdeg f + (qfl - qf_l) + 5 log [1 + qh(j’)].

Finally, since h(j) = (¢ — 1)h(¢), we obtain Theorem [3.12), after multi-
plying by ¢> — 1. =
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6. Drinfeld modular polynomials. Let m € [F[t] be monic. We define

1 deg P
m) = |m]| H <1+ > and k(m) = Zi,
Plm |P| Plm ‘P’
where P ranges over all monic irreducible factors of m.
In analogy to classical modular polynomials, Bae [Bae92| constructed
polynomials @,,(X,Y") € Fy[t][X,Y] for each monic m € F,[t], called Drin-
feld modular polynomials, with the following properties:

Degree: @,,(X,Y) is monic of degree ¢(m) in each variable.

Symmetry: &,(X,Y) = &,,(Y, X).

Irreducibility: @,,,(X,Y) is irreducible in Coo[X,Y].

Isogeny: @,,(j,5') = 0 if and only if j = j(¢) and 7' = j(¢') are the
j-invariants of rank 2 Drinfeld modules ¢ and ¢’ linked by an isogeny of
kernel A/mA.

To study the coefficients of @,,(X,Y’), we introduce yet another height.
To a polynomial f in several variables with coefficients in C,,, we associate
its naive height:

h(f) = log max |¢|oo,

where ¢ ranges over all the coefficients of f.
Hsia proved the following asymptotic result [Hsi98 p. 237]:

THEOREM 6.1 (Hsia). For any monic, non-constant polynomial m € Fyt]
we have )
-1
h(®Py,) = g 5 ¥(m)(degm — 2k(m) + O(1))  as |m| — oco.
Our goal in this last section is to give a completely explicit upper bound
for h(®,,). We start by preparing an interpolation lemma with the following

set of interpolation points.

LEMMA 6.2. Let n > 0 be an integer. Consider the set
Sp = {Oznt"+---+a0—|—---+a_nt_” |Vi€ {-n,...,n}, a4 GIE‘q}.

It has cardinality ¢°"+1. Let d < ¢*" ™' —1, and consider d+1 distinct points
Y0, Y1s - - - Yd € Sn. For any k € {0,...,d}, denote

d
Ti(Y) = HY ys) ZaJY’

s;ék
Then:

(1) max{lajlo | j €{0,... d}} < g™,
d

) H ’yk - ys|oo > qind‘

s=0
s#k
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Proof. The maximum degree in ¢ of elements in 5, is n, the upper bound
then comes from the explicit computation of the coefficients of T} in terms
of elements of S, and the degree of T} is d. The minimum degree in ¢ of
a non-zero difference of elements in S, is —n, the lower bound is direct
as well. Note that in [Hsi98, Lemma 5.1], the interpolation set of points is
chosen with the extra property |yx — ¥s|oo = max{|yx|oo, |¥s|oo }, which is not
assumed here. u

LEMMA 6.3. Let P € Cx[X,Y] be a non-zero polynomial of degree at
most d > 1 in each variable. Suppose there exists a real number B > 0 such

that h(P(X,yx)) < B for each yy, in the set S, defined in Lemma[6.2} Then
(6.1) h(P) < B + 2nd.

Proof. We may write P(X,Y) =% ., ., Qr(Y)X" for some polynomials
Qr(Y) € Cx]Y]. For any degree 0 < r < d and any of the above points y,
let ¢, = Qr(yx) be the coefficient of X" of the polynomial P(X,y). By
Lagrange interpolation, one has

d d
(6.2) = pyr H Ys.

k=

o

We write

by Lemma we have h(Ty) < ¢"® and

I lvx = vsloo = ¢ for any k € {0, ..., d},
s=0
s#k
and by assumption |cg ,|oc < B. The result follows. =
We add a small technical lemma.

LEMMA 6.4. Let a be a positive real number. Let ¢ > 2 be a prime power.
Assume x > ¢3. Then In(1 + 2/q) < x/q* and the inequality

21
(6.3) r<a+? 10g<1 + 9”)
2 q
implies
2 2 -1
q —1 a g —1
4 < log{1+—(1-—
(64) reetTy 0g< +cz( 2q2ln<J> )

where In is the natural logarithm and log is the logarithm to base q.

Proof. Direct computation. m



16 F. Breuer et al.

We are now ready to prove the following.

PROPOSITION 6.5. For any monic, non-constant polynomial m € Fg[t],
the height h(®P,,) is bounded above by

2

¢(m)maX{q37 [q degm + q+ - (10g¢( )+1)

2_ 1 — 1\
+q2 log<1+3(1—2qq2lnq) )]}er(m)logw(m),

where a = 4 ldegm+q+ (logy(m) +1).

Proof. Fix jo € Sy, where n is chosen so that ¢?"*t! > ¢ (m)+1 > ¢*"1,
and 9, is the set of Lemma The relation between roots and coefficients
for the polynomial &,,(X, jo) gives in particular the inequality

BB (X, o)) < () max h()),

where the maximum is taken over all the roots j of @,,(X,jp). Each of
these roots corresponds to a Drinfeld module isogenous to the fixed one
corresponding to jo, hence by Theorem [3.1] we get

2-1 -1 1
log <1 + qh(j)) +q.

degm + g
Now for any jy € Sy, we have h(jp) < n < %(log 1(m) + 1). This leads to

(6.5) h(j) = h(jo) <

2 2 _
(6.6) h(j) < 4 5 1degm+q+%(logw(m)+1)+q 5 1log(1+;h(j)).

Assume h(j) > ¢3. Then by Lemma we get

q2

Ldegm + g+ 5 (log ¥(m) + 1)

2
g —1 a g —1
1 1+—-{1— ——
T Og<+q< 2q2lnq> )

where a = —degm + ¢ + 3(log(m) + 1), and hence h(®,,(X, jo)) is
bounded above by a quantity B equal to

(6.7) h(j) <

2

2

degm +q+ 5 (logw( )+1)

N S PO R
5 % q 2¢%Inq ’

and by Lemma we obtain the result. m

658) b(m) max{q3, [q
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Asymptotically, this gives

(6.9) (&) < ( + 6>¢(m) degm

for deg m sufficiently large compared to € > 0. This is only slightly weaker
than Hsia’s exact asymptotic in Theorem [6.1]
Another completely explicit upper bound on h(®,,), of order

q 2
S Imly(m)?,

was obtained by Bae and Lee [BLI7, Theorem 3.7].
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Abstract (will appear on the journal’s web site only)

We provide explicit bounds on the difference of heights of isogenous Drin-
feld modules. We derive a finiteness result in isogeny classes. In the rank 2
case, we also obtain an explicit upper bound on the size of the coefficients
of modular polynomials attached to Drinfeld modules.
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