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Introduction

Bernoulli numbers

=⇒ Bernoulli polynomials

Poly-Bernoulli numbers (M. Kaneko 1997)

=⇒ Poly-Bernoulli polynomials

Cauchy numbers

(Comtet 1972, Merlini, Sprugnoli and Verri, 2006)

=⇒ Cauchy polynomials (Cheon, Hwang and Lee, 2007)

Poly-Cauchy numbers =⇒ Poly-Cauchy polynomials
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Cauchy numbers

The Cauchy numbers of the first kind, denoted by cn, are

introduced by the integral of the falling factorial:

cn =
∫ 1

0
x(x − 1) . . . (x − n + 1)dx = n!

∫ 1

0

(
x

n

)
dx .

The generating function of the Cauchy numbers of the first

kind cn is given by

x

ln(1 + x)
=

∞∑
n=0

cn
xn

n!
.
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Cauchy numbers are not so famous, though they seem to

have similar properties to those of the Bernoulli numbers.

The classical Bernoulli numbers Bn are defined by the

generating function

x

1 − e−x
=

∞∑
n=0

Bn
xn

n!

(
B1 =

1

2

)
.

or
x

ex − 1
=

∞∑
n=0

Bn
xn

n!

(
B1 = −

1

2

)
.
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Euler numbers

Euler numbers En

2

ex − 1
=

∞∑
n=0

En
xn

n!
.

Euler polynomials En(z)

2exz

ex − 1
=

∞∑
n=0

En(z)
xn

n!
.

Multiple Euler numbers E(r)
n(

2

ex/2 + e−x/2

)r
=

∞∑
n=0

E(r)
n

xn

n!
.
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Similar numbers and polynomials

The Bernoulli polynomials of the order r (r is an integer)

denoted by B(k)
n (z) are defined by(

x

ex − 1

)r
exz =

∞∑
n=0

B(r)
n (z)

xn

n!
.

If z = 0, B(k)
n (z) = B(k)

n is the Bernoulli number of the

order r.

If z = 0 and k = 1, B(1)
n = Bn is the ordinary Bernoulli

number.
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Nörlund’s number B(n)
n (1954, Nörlund)

x

(1 + x) ln(1 + x)
=

∞∑
n=0

B(n)
n

xn

n!
.

Bernoulli number of the second kind bn

x

ln(1 + x)
=

∞∑
n=0

bnxn .

In fact, bn = cn/n!, where cn is the Cauchy number of the

first kind.
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Jordan’s polynomial Ψn(z) (1965, Jordan)

x(1 + x)z

ln(1 + x)
=

∞∑
n=0

Ψn(z)xn

Carlitz’ polynomial β(k)
n (z) (1961, Carlitz)(

x

ln(1 + x)

)k
(1 + x)z =

∞∑
n=0

β(k)
n (z)

xn

n!
.

In fact, β(1)
n (z) = n!Ψn(z).
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The Bernoulli polynomials of the second kind bn(z)

x(1 + x)z

ln(1 + x)
=

∞∑
n=0

bn(z)
xn

n!
.

Degenerate Bernoulli polynomials βm(λ, z) (1956, Carlitz)

x(1 + λx)µz

(1 + λx)µ − 1
=

∞∑
n=0

βm(λ, z)
xn

n!
(λµ = 1) .



. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Poly-Cauchy numbers polylogarithm factorial functions Poly-Cauchy polynomials A more generalization

Introduction

The Bernoulli polynomials of the second kind bn(z)

x(1 + x)z

ln(1 + x)
=

∞∑
n=0

bn(z)
xn

n!
.

Degenerate Bernoulli polynomials βm(λ, z) (1956, Carlitz)

x(1 + λx)µz

(1 + λx)µ − 1
=

∞∑
n=0

βm(λ, z)
xn

n!
(λµ = 1) .



. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Poly-Cauchy numbers polylogarithm factorial functions Poly-Cauchy polynomials A more generalization

Introduction

Korobov polynomials of the first kind Kn (2001, Korobov;

2003, Ustinov)

qx(1 + x)z

(1 + x)q − 1
=

∞∑
n=0

Kn(z)
xn

n!
.

Korobov polynomilas of the second kind kn (2003, Ustinov)

x(1 + qx)z/q

(1 + qx)1/q − 1
=

∞∑
n=0

kn(z)
xn

n!
.
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Harmonic numbers Hn :=
∑n
k=1

1
k

−
ln(1 − x)

1 − x
=

∞∑
n=1

Hnxn .

Generalized harmonic numbers

H(n, r) :=
∑

1≤n0+n1+···+nr≤n(n0n1 . . . nr)−1 (n ≥ 1,

r ≥ 0) (1997, Gertsch; 1997 Santmyer)

(−1)r(ln(1 − x))r+1

1 − x
=

∞∑
n=r+1

H(n, r)xn .
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The (unsigned) Stirling numbers of the first kind
[ n
m

]
(ln(1 + x))m

m!
=

∞∑
n=m

(−1)n−m
[

n

m

]
xn

n!
.

The Stirling numbers of the second kind
{ n
m

}
(ex − 1)m

m!
=

∞∑
n=m

{
n

m

}
xn

n!
.
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The (unsigned) Stirling numbers of the first kind
[ n
m

]
arise

as coefficients of the rising factorial

x(x + 1) . . . (x + n − 1) =
n∑
m=0

[
n

m

]
xm .

The Stirling numbers of the second kind
{ n
m

}
are

determined by{
n

m

}
=

1

m!

m∑
j=0

(−1)j
(

m

j

)
(m − j)n .



. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Poly-Cauchy numbers polylogarithm factorial functions Poly-Cauchy polynomials A more generalization

Introduction

The (unsigned) Stirling numbers of the first kind
[ n
m

]
arise

as coefficients of the rising factorial

x(x + 1) . . . (x + n − 1) =
n∑
m=0

[
n

m

]
xm .

The Stirling numbers of the second kind
{ n
m

}
are

determined by{
n

m

}
=

1

m!

m∑
j=0

(−1)j
(

m

j

)
(m − j)n .



. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Poly-Cauchy numbers polylogarithm factorial functions Poly-Cauchy polynomials A more generalization

Introduction

There are many identities about the Bernoulli numbers.

They are much related to the (unsigned) Stirling numbers of

the first kind
[ n
m

]
and the Stirling numbers of the second

kind
{ n
m

}
. Some of them are

1

n!

n∑
m=0

(−1)m
[

n + 1

m + 1

]
Bm =

1

m + 1
,

Bn = (−1)n
n∑
m=0

{
n

m

}
(−1)mm!

m + 1
.
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In 1997 M. Kaneko introduced the poly-Bernoulli numbers

B(k)
n by

Lik(1 − e−x)

1 − e−x
=

∞∑
n=0

B(k)
n

xn

n!
,

where

Lik(z) =
∞∑
m=1

zm

mk

is the k-th polylogarithm function. When k = 1, B(1)
n is the

classical Bernoulli number with B
(1)
1 = 1/2.
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Introduction

In 1997 M. Kaneko introduced the poly-Bernoulli numbers

B(k)
n by

Lik(1 − e−x)

1 − e−x
=

∞∑
n=0

B(k)
n

xn

n!
,

where

Lik(z) =
∞∑
m=1

zm

mk

is the k-th polylogarithm function. When k = 1, B(1)
n is the

classical Bernoulli number with B
(1)
1 = 1/2.
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The generating function of the poly-Bernoulli numbers are
also written in terms of iterated integrals:

ex ·
1

ex − 1

∫ x

0

1

ex − 1

∫ x

0

. . .
1

ex − 1

∫ x

0︸ ︷︷ ︸
k−1

x

ex − 1
dxdx . . . dx︸ ︷︷ ︸

k−1

=
∞∑

n=0

B(k)
n

xn

n!
.

An explicit formula for B(k)
n is given by

B(k)
n = (−1)n

n∑
m=0

{
n

m

}
(−1)mm!

(m + 1)k
(n ≥ 0, k ≥ 1) . (1)
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Poly-Cauchy numbers of the first kind

Let n and k be integers with c ≥ 0 and k ≥ 1. Define the

poly-Cauchy numbers c(k)
n by the following.

c(k)
n = n!

∫ 1

0
. . .

∫ 1

0︸ ︷︷ ︸
k

(
x1x2 . . . xk

n

)
dx1dx2 . . . dxk .

The Cauchy numbers cn = c(1)
n can be expressed in terms of

the (unsigned) Stirling numbers of the first kind
[ n
m

]
:

c(1)
n = (−1)n

n∑
m=0

[
n

m

]
(−1)m

m + 1
.
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Poly-Cauchy numbers of the first kind

The poly-Cauchy numbers c(k)
n can be also expressed in

terms of the Stirling numbers of the first kind
[ n
m

]
. This is

considered as an analogous identity to the identity (1).

.

Theorem 1

.

.

.

. ..

.

.

c(k)
n = (−1)n

n∑
m=0

[
n

m

]
(−1)m

(m + 1)k
.
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Poly-Cauchy numbers of the first kind

By using Theorem 1, we get

c
(k)
0 = 1 ,

c
(k)
1 =

1

2k
,

c
(k)
2 = −

1

2k
+

1

3k
,

c
(k)
3 =

2

2k
−

3

3k
+

1

4k
,

c
(k)
4 = −

6

2k
+

11

3k
−

6

4k
+

1

5k
,

c
(k)
5 =

24

2k
−

50

3k
+

35

4k
−

10

5k
+

1

6k
.
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Poly-Cauchy numbers of the first kind

Denote the polylogarithm factorial function Lifk(z) by

Lifk(z) :=
∞∑
m=0

zm

m!(m + 1)k
.

Then, we get the generating function of the poly-Cauchy

numbers. We may define the poly-Cauchy numbers by this

generating function.

.

Theorem 2

.

.

.

. ..

.

.

The generating function of the poly-Cauchy numbers c(k)
n is

given by the following:

Lifk(ln(1 + x)) =
∞∑
n=0

c(k)
n

xn

n!
.
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Poly-Cauchy numbers of the first kind

The generating function of the Cauchy numbers of the first

kind cn is also given by

x

ln(1 + x)
=

∞∑
n=0

cn
xn

n!
.

The generating function of the poly-Cauchy numbers in

Theorem 2 can be written in the form of iterated integrals.

.

Corollary 1

.

.

.

. ..

.

.

For k ≥ 2 we have

1

ln(1 + x)

∫ x

0

1

(1 + x) ln(1 + x)

∫ x

0
. . .

1

(1 + x) ln(1 + x)

∫ x

0︸ ︷︷ ︸
k−1

x

(1 + x) ln(1 + x)
dxdx . . . dx︸ ︷︷ ︸

k−1

=
∞∑

n=0

c
(k)
n

xn

n!
.
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Poly-Cauchy numbers of the first kind

.

Theorem 3

.

.

.

. ..

. .

n∑
m=0

{
n

m

}
c(k)
m =

1

(n + 1)k
.
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Poly-Cauchy numbers of the second kind

The Cauchy numbers of the second kind ĉn is defined by

ĉn = n!
∫ 1

0

(−x

n

)
dx

=
∫ 1

0
(−x)(−x − 1) . . . (−x − n + 1)dx

= (−1)n
∫ 1

0
⟨x⟩n dx ,

where ⟨x⟩n = x(x + 1) . . . (x + n − 1) (n ≥ 1) is the rising

factorial with ⟨x⟩0 = 1.

We call the Cauchy numbers cn as the Cauchy numbers of

the first kind, in order to distinguish with those of the

second kind.
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Poly-Cauchy numbers of the second kind

Similarly to the poly-Cauchy numbers of the first kind, we

define the poly-Cauchy numbers of the second kind as

follows.

ĉ(k)
n = n!

∫ 1

0
. . .

∫ 1

0︸ ︷︷ ︸
k

(−x1x2 . . . xk

n

)
dx1dx2 . . . dxk .



. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Poly-Cauchy numbers polylogarithm factorial functions Poly-Cauchy polynomials A more generalization

Poly-Cauchy numbers of the second kind

The Cauchy numbers of the second kind ĉn = ĉ(1)
n is

expressed in terms of the Stirling numbers of the first kind:

ĉ(1)
n = (−1)n

n∑
m=0

[
n

m

]
1

m + 1
.

The poly-Cauchy numbers of the second kind ĉ(k)
n can be also

expressed in terms of the Stirling numbers of the first kind.

.

Theorem 4

.

.

.

. ..

.

.

ĉ(k)
n = (−1)n

n∑
m=0

[
n

m

]
1

(m + 1)k
.
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n is

expressed in terms of the Stirling numbers of the first kind:
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Poly-Cauchy numbers of the second kind

By using Theorem 4, we get

ĉ
(k)
0 = 1 ,

ĉ
(k)
1 = −

1

2k
,

ĉ
(k)
2 =

1

2k
+

1

3k
,

ĉ
(k)
3 = −

2

2k
−

3

3k
−

1

4k
,

ĉ
(k)
4 =

6

2k
+

11

3k
+

6

4k
+

1

5k
,

ĉ
(k)
5 = −

24

2k
−

50

3k
−

35

4k
−

10

5k
−

1

6k
.
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Poly-Cauchy numbers of the second kind

In similar manners to the results in Theorem 2, Corollary 1

and Theorem 3 about the poly-Cauchy numbers of the first

kind c(k)
n , we can obtain the following corresponding results

about the poly-Cauchy numbers of the second kind ĉ(k)
n .

.

Theorem 5

.

.

.

. ..

. .

The generating function of the poly-Cauchy numbers ĉ(k)
n is

given by the following:

Lifk(− ln(1 + x)) =
∞∑
n=0

ĉ(k)
n

xn

n!
,

where

Lifk(z) =
∞∑
m=0

zm

m!(m + 1)k
.
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ĉ(k)
n

xn

n!
,

where

Lifk(z) =
∞∑
m=0

zm

m!(m + 1)k
.



. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Poly-Cauchy numbers polylogarithm factorial functions Poly-Cauchy polynomials A more generalization

Poly-Cauchy numbers of the second kind

The generating function of the Cauchy numbers of the

second kind ĉn = ĉ(1)
n is given by

x

(1 + x) ln(1 + x)
=

∞∑
n=0

ĉ(1)
n

xn

n!
.

The generating function of the poly-Cauchy numbers of the

second kind can be also written in the form of iterated

integrals by putting z = − ln(1 + x) in

Lifk(z) =
1

z

∫ z

0

1

z

∫ z

0
. . .

1

z

∫ z

0︸ ︷︷ ︸
k−1

ez − 1

z
dzdz . . . dz︸ ︷︷ ︸

k−1

.
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Poly-Cauchy numbers of the second kind

.

Corollary 2

.

.

.

. ..

.

.

For k ≥ 2 we have

1

ln(1 + x)

∫ x

0

1

(1 + x) ln(1 + x)

∫ x

0
. . .

1

(1 + x) ln(1 + x)

∫ x

0︸ ︷︷ ︸
k−1

x

(1 + x)2 ln(1 + x)
dxdx . . . dx︸ ︷︷ ︸

k−1

=
∞∑

n=0

ĉ
(k)
n

xn

n!
.

.

Theorem 6

.

.

.

. ..

.

.

n∑
m=0

{
n

m

}
ĉ(k)
m =

(−1)n

(n + 1)k
.
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k−1

=
∞∑

n=0

ĉ
(k)
n

xn

n!
.

.

Theorem 6

.

.

.

. ..

.

.

n∑
m=0

{
n

m

}
ĉ(k)
m =

(−1)n

(n + 1)k
.



. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Poly-Cauchy numbers polylogarithm factorial functions Poly-Cauchy polynomials A more generalization

Relations between two kinds of poly-Cauchy numbers

There are some relations between the poly-Cauchy numbers

of the first kind and those of the second kind.

.

Theorem 7

.

.

.

. ..

.

.

For n ≥ 1 we have

(−1)n
c(k)
n

n!
=

n∑
m=1

(
n − 1

m − 1

)
ĉ(k)
m

m!
,

(−1)n
ĉ(k)
n

n!
=

n∑
m=1

(
n − 1

m − 1

)
c(k)
m

m!
.
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Relations between poly-Bernoulli numbers and poly-Cauchy numbers

There are relations between poly-Bernoulli numbers and

poly-Cauchy numbers.

.

Theorem 8

.

.

.

. ..

.

.

For n ≥ 1 we have

B(k)
n =

n∑
l=1

n∑
m=1

m!
{

n

m

} {
m − 1

l − 1

}
c
(k)
l ,

c(k)
n =

n∑
l=1

n∑
m=1

(−1)n−m

m!

[
n

m

] [
m

l

]
B

(k)
l .
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Relations between poly-Bernoulli numbers and poly-Cauchy numbers

Duality theorem

It is known that the duality theorem holds for poly-Bernoulli

numbers. Namely,

.

.

. ..

.

.

B(−k)
n = B

(−n)
k for n, k ≥ 0 .

It is due to the symmetric formula:

.

.

. ..

.

.

∞∑
n=0

∞∑
k=0

B(−k)
n

xn

n!

yk

k!
=

ex+y

ex + ey − ex+y
.



. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Poly-Cauchy numbers polylogarithm factorial functions Poly-Cauchy polynomials A more generalization

Relations between poly-Bernoulli numbers and poly-Cauchy numbers

Duality theorem

It is known that the duality theorem holds for poly-Bernoulli

numbers. Namely,

.

.

. ..

.

.

B(−k)
n = B

(−n)
k for n, k ≥ 0 .

It is due to the symmetric formula:

.

.

. ..

.

.

∞∑
n=0

∞∑
k=0

B(−k)
n

xn

n!

yk

k!
=

ex+y

ex + ey − ex+y
.



. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Poly-Cauchy numbers polylogarithm factorial functions Poly-Cauchy polynomials A more generalization

Relations between poly-Bernoulli numbers and poly-Cauchy numbers

Duality theorem

It is known that the duality theorem holds for poly-Bernoulli

numbers. Namely,

.

.

. ..

.

.

B(−k)
n = B

(−n)
k for n, k ≥ 0 .

It is due to the symmetric formula:

.

.

. ..

.

.

∞∑
n=0

∞∑
k=0

B(−k)
n

xn

n!

yk

k!
=

ex+y

ex + ey − ex+y
.



. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Poly-Cauchy numbers polylogarithm factorial functions Poly-Cauchy polynomials A more generalization

Relations between poly-Bernoulli numbers and poly-Cauchy numbers

However, the duality theorem does not hold for poly-Cauchy

numbers. In fact, we have

.

.

. ..

. .

∞∑
n=0

∞∑
k=0

c(−k)
n

xn

n!

yk

k!
= ey(1 + x)e

y

,

∞∑
n=0

∞∑
k=0

ĉ(−k)
n

xn

n!

yk

k!
=

ey

(1 + x)ey
.
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Lif−r(x) = ex
r∑
j=0

{
r + 1

j + 1

}
xj (r = 0, 1, 2, . . . ) .

We have the record for the first some values r.

Lif0(x) = ex,

Lif−1(x) = (1 + x)ex,

Lif−2(x) = (1 + 3x + x2)ex,

Lif−3(x) = (1 + 7x + 6x2 + x3)ex,

Lif−4(x) = (1 + 15x + 25x2 + 10x3 + x4)ex,

Lif−5(x) = (1 + 31x + 90x2 + 65x3 + 15x4 + x5)ex.
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For k ≥ 2
d

dz
Lik(z) =

1

z
Lik−1(z) ,

so

Lik(z) =
∫ z

0

Lik−1(t)

t
dt ;

on the other hand,

d

dz
(zLifk(z)) = Lifk−1(z) ,

so

Lifk(z) =
1

z

∫ z

0
Lifk−1(t)dt .

In addition, Li1(z) = − ln(1 − z) and Lif1(z) = (ez − 1)/z.
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Poly-Cauchy polynomials of the first kind

Define the poly-Cauchy polynomials of the first kind c(k)
n (z)

by

c(k)
n (z) = n!

∫ 1

0
. . .

∫ 1

0︸ ︷︷ ︸
k

(
x1x2 . . . xk − z

n

)
dx1dx2 . . . dxk .

The first several polynomials are

c
(k)
0 (z) = 1,

c
(k)
1 (z) =

1

2k
− z,

c
(k)
2 (z) = −

1

2k
+

1

3k
+

(
1 −

2

2k

)
z + z2,
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c
(k)
3 (z) =

2

2k
−

3

3k
+

1

4k
+

(
−2 +

6

2k
−

3

3k

)
z

+
(

−3 +
3

2k

)
z2 − z3,

c
(k)
4 (z) = −

6

2k
+

11

3k
−

6

4k
+

1

5k
+

(
6 −

22

2k
+

18

3k
−

4

4k

)
z

+
(
11 −

18

2k
+

6

3k

)
z2 +

(
6 −

4

2k

)
z3 + z4.

If k = 1, then c(1)
n (z) = cn(z) are the Cauchy polynomials

of the first kind. If z = 0, then c(k)
n (0) = c(k)

n are the

poly-Cauchy numbers of the first kind.
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poly-Cauchy numbers of the first kind.
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.

Theorem 9

.

.

.

. ..

.

.

c(k)
n (z) =

n∑
m=0

[
n

m

]
(−1)n−m

m∑
i=0

(
m

i

)
(−z)i

(m − i + 1)k
.

.

Theorem 10

.

.

.

. ..

.

.

The generating function of the poly-Cauchy polynomials of

the first kind c(k)
n (z) is given by

Lifk(ln(1 + x))

(1 + x)z
=

∞∑
n=0

c(k)
n (z)

xn

n!
.
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.

Corollary 3

.

.

.

. ..

.

.

For k ≥ 2 we have

1

(1 + x)z
×

1

ln(1 + x)

∫ x

0

1

(1 + x) ln(1 + x)

∫ x

0
. . .

1

(1 + x) ln(1 + x)

∫ x

0︸ ︷︷ ︸
k−1

x

(1 + x) ln(1 + x)
dxdx . . . dx︸ ︷︷ ︸

k−1

=
∞∑

n=0

c
(k)
n (z)

xn

n!
.

.

Theorem 11

.

.

.

. ..

.

.

n∑
m=0

{
n

m

}
c(k)
m (z) =

n∑
i=0

(
n

i

)
(−z)i

(n − i + 1)k
.
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Poly-Cauchy polynomials of the second kind

Define the poly-Cauchy polynomials of the second kind

ĉ(k)
n (z) by

ĉ(k)
n (z) = n!

∫ 1

0
. . .

∫ 1

0︸ ︷︷ ︸
k

(−x1x2 . . . xk + z

n

)
dx1dx2 . . . dxk .

The first several polynomials are

ĉ
(k)
0 (z) = 1,

ĉ
(k)
1 (z) = −

1

2k
+ z,

ĉ
(k)
2 (z) =

1

2k
+

1

3k
−

(
1 +

2

2k

)
z + z2,
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ĉ
(k)
3 (z) = −

2

2k
−

3

3k
−

1

4k
+

(
2 +

6

2k
+

3

3k

)
z

−
(
3 +

3

2k

)
z2 + z3,

ĉ
(k)
4 (z) =

6

2k
+

11

3k
+

6

4k
+

1

5k
−

(
6 +

22

2k
+

18

3k
+

4

4k

)
z

+
(
11 +

18

2k
+

6

3k

)
z2 −

(
6 +

4

2k

)
z3 + z4.

If k = 1, then ĉ(1)
n (z) = ĉn(z) are the Cauchy polynomials

of the second kind. If z = 0, then ĉ(k)
n (0) = ĉ(k)

n are the

poly-Cauchy numbers of the second kind.
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ĉ
(k)
3 (z) = −

2

2k
−

3

3k
−

1

4k
+

(
2 +

6

2k
+

3

3k

)
z

−
(
3 +

3

2k

)
z2 + z3,

ĉ
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.

Theorem 12

.

.

.

. ..

.

.

ĉ(k)
n (z) =

n∑
m=0

[
n

m

]
(−1)n

m∑
i=0

(
m

i

)
(−z)i

(m − i + 1)k
.

.

Theorem 13

.

.

.

. ..

.

.

The generating function of the poly-Cauchy polynomials of

the second kind ĉ(k)
n (z) is given by

(1 + x)zLifk(− ln(1 + x)) =
∞∑
n=0

ĉ(k)
n (z)

xn

n!
.
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.

Corollary 4

.

.

.

. ..

.

.

For k ≥ 2 we have

(1 + x)
z×

1

ln(1 + x)

∫ x

0

1

(1 + x) ln(1 + x)

∫ x

0
. . .

1

(1 + x) ln(1 + x)

∫ x

0︸ ︷︷ ︸
k−1

x

(1 + x)2 ln(1 + x)
dxdx . . . dx︸ ︷︷ ︸

k−1

=
∞∑

n=0

ĉ
(k)
n

xn

n!
.

.

Theorem 14

.

.

.

. ..

.

.

n∑
m=0

{
n

m

}
ĉ(k)
m (z) = (−1)n

n∑
i=0

(
n

i

)
(−z)i

(n − i + 1)k
.
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Relations between two kinds of poly-Cauchy polynomials

.

Theorem 15

.

.

.

. ..

.

.

For n ≥ 1 we have

(−1)n
c(k)
n (z)

n!
=

n∑
m=1

(
n − 1

m − 1

)
ĉ(k)
m (z)

m!
,

(−1)n
ĉ(k)
n (z)

n!
=

n∑
m=1

(
n − 1

m − 1

)
c(k)
m (z)

m!
.
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Appell sequences

It is known that for an integer k and a positive integer n,

the poly-Bernoulli polynomials satisfy

d

dz
B(k)
n (z) = nB

(k)
n−1(z) .

The poly-Cauchy polynomials c(k)
n do not satisfy the similar

identity.
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.

Theorem 15

.

.

.

. ..

.

.

d

dz
c(k)
n (z) = (−1)nn!

n−1∑
l=0

(−1)l

(n − l)l!
c
(k)
l (z) (n ≥ 1) ,

d

dz
ĉ(k)
n (z) = (−1)n−1n!

n−1∑
l=0

(−1)l

(n − l)l!
ĉ
(k)
l (z) (n ≥ 1) .
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ĉ
(k)
l (z) (n ≥ 1) .



. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Poly-Cauchy numbers polylogarithm factorial functions Poly-Cauchy polynomials A more generalization

Poly-Cauchy numbers with q parameter (by Mari Yokohama)

Let q be a real number with q ̸= 0. Define the poly-Cauchy

numbers with q parameter (of the first kind) c(k)
n,q by

c(k)
n,q =

∫ 1

0
. . .

∫ 1

0︸ ︷︷ ︸
k

(x1x2 . . . xk)(x1x2 . . . xk − q)

. . . (x1x2 . . . xk − (n − 1)q)dx1dx2 . . . dxk .

Hence, if q = 1, then c
(k)
n,1 = c(k)

n are the poly-Cauchy

numbers.
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Poly-Cauchy numbers with q parameter c(k)
n,q can be

expressed in terms of the (unsigned) Stirling numbers of the

first kind
[ n
m

]
.

.

Theorem 16

.

.

.

. ..

.

.

For a real number q ̸= 0

c(k)
n,q =

n∑
m=0

[
n

m

]
(−q)n−m

(m + 1)k
(n ≥ 0, k ≥ 1) .



. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Poly-Cauchy numbers polylogarithm factorial functions Poly-Cauchy polynomials A more generalization

.

Theorem 17

.

.

.

. ..

.

.

The generating function of the poly-Cauchy numbers with q

parameter c(k)
n,q is given by

Lifk

(
ln(1 + qx)

q

)
=

∞∑
n=0

c(k)
n,q

xn

n!
(q ̸= 0) .
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The generating function of the poly-Cauchy numbers with q

parameter in Theorem 17 can be also written in the form of

iterated integrals as that of the poly-Cauchy numbers.

.

Corollary 5

.

.

.

. ..

.

.

For k ≥ 2 we have

q

ln(1 + qx)

∫ x

0

q

(1 + qx) ln(1 + qx)

∫ x

0
. . .

q

(1 + qx) ln(1 + qx)

∫ x

0︸ ︷︷ ︸
k−1

q((1 + qx)1/q − 1)

(1 + qx) ln(1 + qx)

dxdx . . . dx︸ ︷︷ ︸
k−1

=
∞∑

n=0

c
(k)
n,q

xn

n!
.

For k = 1 we have

q((1 + qx)1/q − 1)

ln(1 + qx)
=

∞∑
n=0

cn,q
xn

n!
.
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Define the poly-Cauchy numbers of the second kind with q

parameter ĉ(k)
n,q by

ĉ(k)
n,q =

∫ 1

0
. . .

∫ 1

0︸ ︷︷ ︸
k

(−x1x2 . . . xk)(−x1x2 . . . xk − q)

. . . (−x1x2 . . . xk − (n − 1)q)dx1dx2 . . . dxk .

Therefore, if q = 1, then ĉ
(k)
n,1 = ĉ(k)

n are the poly-Cauchy

numbers of the second kind.
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.

Theorem 18

.

.

.

. ..

.

.

ĉ(k)
n,q = (−1)n

n∑
m=0

[
n

m

]
qn−m

(m + 1)k
.

.

Theorem 19

.

.

.

. ..

.

.

The generating function of the poly-Cauchy numbers of the

second kind with q parameter ĉ(k)
n,q is given by

Lifk

(
−

ln(1 + qx)

q

)
=

∞∑
n=0

ĉ(k)
n,q

xn

n!
.
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.

Corollary 6

.

.

.

. ..

.

.

For k ≥ 2 we have

q

ln(1 + qx)

∫ x

0

q

(1 + qx) ln(1 + qx)

∫ x

0
. . .

q

(1 + qx) ln(1 + qx)

∫ x

0︸ ︷︷ ︸
k−1

q(1− (1 + qx)−1/q)

(1 + qx) ln(1 + qx)

dxdx . . . dx︸ ︷︷ ︸
k−1

=
∞∑

n=0

ĉ
(k)
n,q

xn

n!
.

For k = 1 we have

q(1 − (1 + qx)−1/q)

ln(1 + qx)
=

∞∑
n=0

ĉn,q
xn

n!
.
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We shall consider integrals of the definition of poly-Cauchy

numbers with q parameter in the range [0, l], where l is a

real number with l ̸= 0 instead of the range [0, 1].

Define c(k)
n,q(l1, l2, . . . , lk), where l1, l2, . . . , lk are nonzero

real numbers, by

c(k)
n,q(l1, l2, . . . , lk)

=
∫ l1

0

∫ l2

0
. . .

∫ lk

0
(x1x2 . . . xk)(x1x2 . . . xk − q)

. . . (x1x2 . . . xk − (n − 1)q)dx1dx2 . . . dxk .
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Then c(k)
n,q(l1, l2, . . . , lk) can be also expressed in terms of

the (unsigned) Stirling numbers of the first kind
[ n
m

]
.

.

Theorem 20

.

.

.

. ..

. .

Let q be a real number with q ̸= 0. Then for n ≥ 0, k ≥ 1
we have

c(k)
n,q(l1, l2, . . . , lk) =

n∑
m=0

[
n

m

]
(−q)n−m(l1l2 . . . lk)m+1

(m + 1)k
.
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• Is there any (combinatorial) interpretation of Poly-Cauchy

numbers with negative index?

c
(−k)
0 = 1,

c
(−k)
1 = 2k,

c
(−k)
2 = −2k + 3k,

c
(−k)
3 = 2 · 2k − 3 · 3k + 4k,

c
(−k)
4 = −6 · 2k + 11 · 3k − 6 · 4k + 5k.

The number of k × n (k, n ≥ 1) lonesome matrices is equal

to B(−k)
n .

B(−k)
n =

min(n,k)∑
j=0

(j!)2
{

n + 1

j + 1

} {
k + 1

j + 1

}
(n, k ≥ 0) .



. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Poly-Cauchy numbers polylogarithm factorial functions Poly-Cauchy polynomials A more generalization

• Is there any (combinatorial) interpretation of Poly-Cauchy

numbers with negative index?

c
(−k)
0 = 1,

c
(−k)
1 = 2k,

c
(−k)
2 = −2k + 3k,

c
(−k)
3 = 2 · 2k − 3 · 3k + 4k,

c
(−k)
4 = −6 · 2k + 11 · 3k − 6 · 4k + 5k.

The number of k × n (k, n ≥ 1) lonesome matrices is equal

to B(−k)
n .

B(−k)
n =

min(n,k)∑
j=0

(j!)2
{

n + 1

j + 1

} {
k + 1

j + 1

}
(n, k ≥ 0) .



. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Poly-Cauchy numbers polylogarithm factorial functions Poly-Cauchy polynomials A more generalization

• Is there any (combinatorial) interpretation of Poly-Cauchy

numbers with negative index?

c
(−k)
0 = 1,

c
(−k)
1 = 2k,

c
(−k)
2 = −2k + 3k,

c
(−k)
3 = 2 · 2k − 3 · 3k + 4k,

c
(−k)
4 = −6 · 2k + 11 · 3k − 6 · 4k + 5k.

The number of k × n (k, n ≥ 1) lonesome matrices is equal

to B(−k)
n .

B(−k)
n =

min(n,k)∑
j=0

(j!)2
{

n + 1

j + 1

} {
k + 1

j + 1

}
(n, k ≥ 0) .



. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Poly-Cauchy numbers polylogarithm factorial functions Poly-Cauchy polynomials A more generalization

• Is there any (combinatorial) interpretation of Poly-Cauchy

numbers with negative index?

c
(−k)
0 = 1,

c
(−k)
1 = 2k,

c
(−k)
2 = −2k + 3k,

c
(−k)
3 = 2 · 2k − 3 · 3k + 4k,

c
(−k)
4 = −6 · 2k + 11 · 3k − 6 · 4k + 5k.

The number of k × n (k, n ≥ 1) lonesome matrices is equal

to B(−k)
n .

B(−k)
n =

min(n,k)∑
j=0

(j!)2
{

n + 1

j + 1

} {
k + 1

j + 1

}
(n, k ≥ 0) .



. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Poly-Cauchy numbers polylogarithm factorial functions Poly-Cauchy polynomials A more generalization

It is easy to see

c(−1)
n = (−1)n(n − 2)! (n ≥ 2) .

{c(−2)
n }n≥0 = 1, 4, 5, −3, 4, −8, 20, −52, 72, 936, −17568, . . .

{c(−3)
n }n≥0 = 1, 8, 19, −1, −10, 48, −234, 1302, −8328, 60672, −497688, . . .

{c(−4)
n }n≥0 = 1, 16, 65, 45, −116, 340, −1240, 5480, −28464, 169248, . . .

{c(−5)
n }n≥0 = 1, 32, 211, 359, −538, 984, −1866, 1110, 32640, −449760, . . .
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Sums of product of Cauchy numbers, including poly-Cauchy

numbers

• Euler formula:

n∑
i=0

(
n

i

)
BiBn−i = −nBn−1 − (n − 1)Bn (n ≥ 1) .

.

.

. ..

.

.

n∑
i=0

(
n

i

)
ci(c

(k−1)
n−i −c

(k)
n−i) = n(n−1)c(k)

n−1+nc(k)
n (n ≥ 0) .
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Denote T
(k)
2 (n) =

∑n
i=0

(n
i

)
cic

(k)
n−i.

.

.

. ..

.

.

For n ≥ 0 and k ≥ 1 we have

T
(0)
2 (n) = c(1)

n (−1) ,

T
(k)
2 (n) = c(1)

n (−1) − n
k∑
j=1

(c(j)
n + (n − 1)c(j)

n−1) ,

T
(−k)
2 (n) = c(1)

n (−1) + n

k−1∑
j=0

(c(−j)
n + (n − 1)c(−j)

n−1 ) ,

where c(1)
n (−1) = cn + ncn−1.
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Putting k = 1 in the second identity, we have

.

.

. ..

.

.

n∑
i=0

(
n

i

)
cicn−i = −(n − 1)cn − n(n − 2)cn−1 (n ≥ 0) .
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Bernoulli polynomials

It is known that the Bernoulli polynomials Bn(z) defined by

the generating function

xexz

ex − 1
=

∞∑
n=0

Bn(z)
xn

n!

satisfy the identity

n∑
l=0

(
n

l

)
Bl(x)Bn−l(y)

= n(x+y−1)Bn−1(x+y)−(n−1)Bn(x+y) (n ≥ 0)
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.

.

. ..

.

.

For n ≥ 0

n∑
i=0

(
n

i

)
ci(x)

(
c
(k−1)
n−i (y) − c

(k)
n−i(y)

)
= n

(
(x + y + n − 1)c(k)

n−1(x + y) + c(k)
n (x + y)

)
.
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Denote T
(k)
2 (n; x, y) =

∑n
i=0

(n
i

)
ci(x)c(k)

n−i(y).

.

.

. ..

.

.

For n ≥ 0 and k ≥ 1 we have

T
(0)
2 (n; x, y) = c(1)

n (x + y − 1) ,

T
(k)
2 (n; x, y) = c(1)

n (x + y − 1)

− n

k∑
j=1

(c(j)
n (x + y)

+ (x + y + n − 1)c(j)
n−1(x + y)) ,
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T
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.

.

. ..

.

.

T
(−k)
2 (n; x, y) = c(1)

n (x + y − 1)

+ n

k−1∑
j=0

(c(−j)
n (x + y)

+ (x + y + n − 1)c(−j)
n−1 (x + y)) ,

where c(1)
n (x + y − 1) = cn(x + y) + ncn−1(x + y).
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Putting k = 1 in the second identity, we have

.

.

. ..

. .

n∑
l=0

(
n

l

)
cl(x)cn−l(y)

= −n(x+y+n−2)cn−1(x+y)−(n−1)cn(x+y) (n ≥ 0) ,


	Poly-Cauchy numbers
	Introduction
	Poly-Cauchy numbers of the first kind
	Poly-Cauchy numbers of the second kind
	Relations between two kinds of poly-Cauchy numbers
	Relations between poly-Bernoulli numbers and poly-Cauchy numbers

	Note on polylogarithm factorial functions
	Poly-Cauchy polynomials
	A more generalization

