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Correct Numerical Solutions

Suppose that you have an initial-value problem (ODE) to solve:

x=f(t,x), x(to) =x0, to<t< teipa.

@ Would you bet $1000 that your numerical solution to your
initial-value problem was correct?

@ What if someone else wrote the solver?

@ What if you had an easy way to test the solution before you
bet?

@ What does “correct” mean anyway?
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Correct Numerical Solutions

@ Suppose x.f(t) is the “true” reference solution to the IVP
x = f(t,x), x(to) = xo.

We do not know x,r(t) (else why compute?) ]

@ Suppose z(t) is our computed solution, interpolating the
skeleton (tk, xx) which has mesh widths (step sizes)

hi = tit1 — tk.
@ The “forward error” is z(t) — xer(t).
@ The "backward error” (residual) is A = z(t) — f(t, z(t)).

A(t) is computable, and can often be understood or interpreted as
a model perturbation: z = f(t, z(t)) + A(t).
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Correct Numerical Solutions

@ The “local error” needs a new concept:

“local reference solution”

the reference solution to x = f(t,x), x(tx) = xk.

o Call these xi(t), tx <t < tyy1.
@ The "local errors” are z(t) — xk(t) on ty < t < tyiq.
e Typically these are largest at t,_ ;.
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Correct Numerical Solutions

@ Forward error and residual are related by “conditioning”
(sensitivity), e.g. by

Grobner-Alexeev nonlinear variation of constants formula

2(£) = xper(£) = /t G(t, 7, 2, x0e)A(F) -

o If |[A(t)|| = O(hP) as h = mean hy — 0 then
||z — xrer|| = O(hP) also (we say the numerical method has
order p).
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Some Historical Remarks

@ J. Wilkinson first popularized backward error in numerical
linear algebra.

@ He attributed it to Givens, but von Neumann & Goldstine had
the notion of “condition number” (“figure of merit").
@ Henrici realized the notion was very general.

o Warming & Hyett and then Griffiths & Sanz-Serna looked at
“the method of modified equations”.

@ Zadunaisky invented “defect correction”, an iterated
improvement scheme using backward error.

@ Stetter proved that, asymptotically as h — 0,
||Al| ~ (local error)/h.

e Enright, in the 1980s, showed defect (residual) control was a
viable strategy for RK solvers; Shampine used it for BVP
solvers (esp bvp4c in MATLAB).

@ The book Corless & Fillion uses backward error throughout.
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Some Historical Remarks

Remark: backward error is not a panacea — there are problems for
which small forward error is possible but not backward error.
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Backward Error from Built-In Interpolants

@ Most codes supply interpolants: for graphical output, for
event location, for handling delay DE.
@ These interpolants should be O(hP) accurate, but sometimes

aren't.

In MATLAB, ode45 uses a fifth-order Runge-Kutta Fehlberg
formula, but has only a fourth-order interpolant: so z'(t) will only
be third-order accurate.

This sometimes overestimates A(t) := z(t) — f(t, z).
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Optimal Interpolants for Optimal Residual (2-Norm)

@ Some years ago RMC proposed finding “optimal”
interpolants, that minimized

1 tn+1
=3 [ afr)adr
t,

n

@ This leads to the Euler-Lagrange equations

z—f(t,z) = A
A+ JPA =0,
to be solved as a Boundary-Value problem with

z(tn) = Xn,  2Z(tnt1) = Xnt1-
@ This works, but it's not what we'll talk about today.
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Optimal Interpolants for Optimal Residual (co-Norm)

e YK suggested we look also at minimizing ||Al|~, which leads
to optimal control problems: find u(t) such that

z="1(t,z)+ u(t)

steers z(t) from z(t,) = x, to z(tp+1) = Xp4+1 With minimal
[uloo-

@ These turn out to be solvable in some cases using the
Pontrjagin maximum principle, and in others by using
optimization packages such as AMPL.

o We are interested in the relative optimality:

2 = f(t,2)(1+ §(t)). ]

e We'll just do some “baby” optimal control problems here.
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Optimal Interpolants for Optimal Residual (co-Norm)

@ Suppose f(t,x) is scalar, and separable: f(x,t) = X(x)T(t);
so that the equation z = f(t,z)(1 + d(t)) is also separable.

@ Then,
£ = X()T((1+ 6(1)) = 55 = T(e)de + T3
@ So,
Xj(t) ):é) - /t: T(r)dr = /t: T(7)é(7)dT

giving the constraint

c= / M Xdé) - /t :"H' T(r)dr = /t :"H' T()3(r)dr.

@ C is in principle known.
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Optimal Interpolants for Optimal Residual (co-Norm)

@ By the triangle inequality,

th+h
cl < / TEldr - [16(8) .
th

@ So no matter what control §(t) is chosen,

(P p— E—
S T(0)ld

tn
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Optimal Interpolants for Optimal Residual (co-Norm)

@ By choosing

<
ST ()l

tn

d(7) = signum(T (7)) -

(signum(re™®) = e®) this bound is achieved while satisfying
the constraint:

th+h tn+h m .
/t T(7)o(7)dT = /t T(T)S gftn+h( ]T'IS(:;]d(TC) dr=2C

tn

@ This explicitly gives us our minimum residual (and the optimal
interpolant is z(t)).

@ Note: more general equations need the full maximum
principle.
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Optimal Interpolants for Optimal Residual (co-Norm)

@ We've solved a number of examples this way, including
2 a non-compact example, and x = —+/x (Torricelli’'s
law, which is not Lipschitz), and several systems.

X=X

@ We note that this method of assessment is independent of the
numerical method used: all we need is
(tn,%n), (tn+ h,xn+1), and the original equation.

@ We have examined several such methods.

@ Today we'll look at perhaps the simplest interesting problem:

X = AX, x(tn) = Xp.
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Dahlquist Test Problem

@ Without loss of generality we can shift the origin to t,

x=Mxx, x(0)=x, on0<t<h.

This is the Dahlquist test problem.

For Re(\) < 0 it is the simplest example of a “stiff” problem.

It arises also on linearization of nonlinear problems and doing
eigenvalue analysis.

@ It's more important to numerical analysis than one might
think.
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Dahlquist Test Problem

o Considering the parameter ;1 = Ah and the function R(u),
which is the approximation of the exponential function
provided by a given numerical method (the exponential being
the solution to the reference problem), we obtain a classical
measure of the stability of the numerical method.

@ For |R(u)| < 1, the numerical solution of the Dahlquist test
problem is uniformly bounded in n > 0.

@ This determines the classical stability region in the complex
plane of the given numerical method.

@ These regions give rise to a variety of “familiar diagrams” for
familiar numerical methods.
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Classical Stability: Euler Method

Euler's Method Residual Analysis

""" Classical 3 — -100% = — 70%——50%—-20%
—S%
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Classical Stability: Implicit Euler Method

Implicit Euler's Method Residual Analysis

=1 /

3l

""" Classical 3 — -100% = — 70%——50%—-20%
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Classical Stability: Implicit Midpoint Rule (Or Any Exactly A-Stable Method)

Implicit Midpoint Rule Residual Analysis
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Classical Stability: RKF45

Fourth Order Part RKF45 Method Residual Analysis Fifth Order Part RKF45 Method Residual Analysis
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RKF45 Order Star

@ By considering not |R(u)| < 1 but the relative forward error
|R(1t)e™#| we are led to the theory of “order stars”, which
considers the regions
As |R(p)e ™ >1,A0: [R(n)e " =1,A_ : |R(n)e | < 1.

Fifth Order Part of RKF45 Order Star
4




Dahlquist Test Problem & Stability
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Optimal Relative Backward Error (co-Norm)

@ But we want the relative backward error:
o For f(x) = Ax, we get % = \dt + §(t)dt, so

Xn+1 tn“l‘h tn+h
/ 9z _ / dr = A / 5(r)dr,
th+h
’mk <X”+1) —Ah‘ = ‘)\/ 5(r)dr
Xn th

0 50, [|0]jo0 > ’% In(R(11)) — 1‘, and equality is obtained if

or

< [AA[16]oo-

5(u) = ;Ink(R(u» -

o N.B. Inga:=Ina+2rwik
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Optimal Relative Backward Error (co-Norm)

@ Indeed this is the exact solution to the same kind of problem

Ing R(n)
Xp=R(u)"xo =€ " xo.

e So,
A~ e R(e) Ik R(M)j
h p

y = Ay!
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Optimal Relative Backward Error (co-Norm)

Yo+1 = R(11)yn eg. R(p)=1+p Euler
or R(u)=(1— )"t Implicit Euler
Then y, = R"(u)yo by induction

— e In R(,u)y

0 — en(ln R(,u)+27rik)y0

Ing R()
— NNk R('u)_)/() — oM Yo

Ing R
— e/\tn~(1+5)y0 if 1+6= Nk (,U,)

interpolant z(t) = e*1+9)ty, satisfies

2(t) = A(1+6)2(0) = yp .
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Optimal Relative Backward Error (co-Norm)

Define:

Kr(i) = round ('mw —In R(u)))

2

(a kind of unwinding number, cf K(z) = Z5net — [Imz)=m7

27i 2w
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Optimal Relative Backward Error (co-Norm)

Theorem:
Kr(p) = arg,min 4]
Proof:
argmin [Ing(Rp)) — pf
W
= arggmin |Ing(pe®) — (o + iT)

arg,min|d| =

= argmin|lnp — o +i(0 + 2mik — 7)|

k cannot affect the real part, and minimizes the imaginary part
exactly when k is the nearest integer to = 9 . QED.

N.B. there may be more than one such k but they give the same § .
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Optimal Relative Backward Error (co-Norm)

@ This will give us a quantitative assessment of the quality of
the method x,41 = R(11)xp.

Example: Euler Method

Xnt1 = Xn + hAxn = (1 + h\)x, = (1 + p1)xp.

e Now, R(u) ~ et sod = w — 1~ 0, but the size of § tells
us the relative backward error

e Note: In general |§| = O(hP) as h — 0, so this is a nonlinear
pseudospectral problem (plot contours of |4 in the complex
plane).
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Remarks

@ If |§| > 1 then the problem we've solved is more than 100%
different to the problem we wanted to solve.

@ The curve |0| =1 gives a qualitative upper limit: z outside
that region means the solution (decaying or not) is pretty
lousy (probably worthless).

e If |0] < 0.05 then we've solved a problem within 5% of the
one we wanted to (analogous to the 95% confidence limit!)

o If || < e (user’s tolerance) then the solver has done its job
[you win your bet!]
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Euler Method

Euler's Method Residual Analysis
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Implicit Euler Method

Implicit Euler's Method Residual Analysis Implicit Euler Method Residual Analysis

E / ® 7

3k 3l

o+ Classical 9 — -100% — = 70 % — — 50 % — - 20 % — -100% — = 70%——50%—-20%—— 5%
—s% o Qlassical @




Examples
°

Implicit Midpoint Rule

Implicit Midpoint Rule Residual Analysis Implicit Midpoint Rule Residual Analysis
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Fourth Order Part RKF45 Method Residual Analysis Fifth Order Part RKF45 Method Residual Analysis

o+ Classical 9 — -100% — = 70 % — — 50 % — - 20 %
—s%

-+ Classical @3 — - 100% — — 70% — —50% — - 20 %
—>s%




Examples

oe

Fourth Order Part RKF45 Method Residual Analysis Fifth Order Part RKF45 Method Residual Analysis
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SDIRK 2-Stage 3rd Order

Larger g SDIRK Method Residual Analysis Smaller g SDIRK Method Residual Analysis
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SDIRK 2-Stage 3rd Order

Larger g SDIRK Method Residual Analysis Smaller g SDIRK Method Residual Analysis
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High Order Talyor Series Methods

Order 1 Taylor Series Method Residual Analysis
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High Order Talyor Series Methods

Order 1 Taylor Series Method Residual Analysis
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High Order Diagonal Padé Methods

1,1 Padé Method Residual Analysis
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High Order Diagonal Padé Methods

1,1 Padé Method Residual Analysis
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Future Directions

Future work on this project will include:
@ look at more methods, more pictures, more systems
@ try to test the “preference change” predictions
@ look at symplectic methods

@ prove some things about the pictures
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