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Classical story



Kronecker-Hurwitz class number relation

Given a negative integer D with D ≡ 0 or 1 mod 4, let

OD := Z

[
D+
√
D

2

]
, w(D) := #(O×

D )

2 , h(D) := class number of OD.

The Hurwitz class number is:

H(D) :=
∑
c∈N
c2|D

h(D/c2)
w(D/c2) .

Put H(0) := −1/12 (= ζQ(−1)).
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Kronecker-Hurwitz class number relation

Theorem (Kronecker (1860), Gierster (1880), Hurwitz (1885))
For n ∈ N, we have∑

t∈Z
t2≤4n

H(t2 − 4n) =
∑
d∈N
d|n

max(d,n/d).

Let H := {z ∈ C | Im(z) > 0} and H∗ := H ∪ P1(Q). Let X := SL2(Z)\H∗.
Given m ∈ N, let

Zm := Im
(
X0(m) := Γ0(m)\H∗ −→ X× X

)
under the map

(
[z] 7→ ([z], [mz])

)
. For n ∈ N, consider the divisor

Z(n) :=
∑
d∈N
d2|n

Zn/d2 .

3



Kronecker-Hurwitz class number relation

Theorem (Kronecker (1860), Gierster (1880), Hurwitz (1885))
For n ∈ N, we have∑

t∈Z
t2≤4n

H(t2 − 4n) =
∑
d∈N
d|n

max(d,n/d).

Let H := {z ∈ C | Im(z) > 0} and H∗ := H ∪ P1(Q). Let X := SL2(Z)\H∗.
Given m ∈ N, let

Zm := Im
(
X0(m) := Γ0(m)\H∗ −→ X× X

)
under the map

(
[z] 7→ ([z], [mz])

)
. For n ∈ N, consider the divisor

Z(n) :=
∑
d∈N
d2|n

Zn/d2 .

3



Geometric interpretation

Put Z = Z(1). Then for a non-square n ∈ N,

Z · Z(n) =
(
X · Z(n)

)
f
+
(
X · Z(n)

)
∞
,

where ∑
t∈Z
t2≤4n

H(t2 − 4n) =
(
Z · Z(n)

)
f
=
∑
d∈N
d|n

max(d,n/d),

and (
Z · Z(n)

)
∞

=
∑
d∈N
d|n

min(d,n/d).

In particular,

Z · Z(n) = 2σ(n), where σ(n) :=
∑
d∈N
d|n

d.
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Connection with Eisenstein series

Recall the following weight 2 Eisenstein series:

E2(z) = − 1
24 +

∞∑
n=1

σ(n)e2πinz, z ∈ H,

=
1
2

(
−vol(Z)2 +

∞∑
n=1

(
Z · Z(n)

)
e2πinz

)
.

(Here vol(Z) = 1/6 = −2ζQ(−1).)

{class numbers} oo //
ii

))TTT
TTTT

TTTT
TTTT

{intersections}
55

uukkkk
kkkk

kkkk
kkk

{Fourier coefficients}
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Hirzebruch-Zagier class number relation

Let p be a prime number with p ≡ 1 mod 4, F := Q(
√p), and OF the

ring of integers in F. Consider the Hilbert modular surface
SF := SL2(OF)\(H× H), Hirzebruch and Zagier introduce a family of
special curves {Z(n) | n ∈ N} on SF, and show the connection
between their intersections and class numbers: for n ∈ N, put

Gp(n) :=
∑
t∈Z

t2≤4n and p|t2−4n

H
(
t2 − 4n
p

)
and Ip(n) :=

1
√p

∑
λ∈O+F
λλ′=n

min(λ, λ′).

Theorem (Hirzebruch-Zagier)

Z(1) · Z(n) = Gp(n) + Ip(n), ∀n ∈ N,

and

ϕp(z) := −
vol(Z(1))

2 +
∞∑
n=1

(
Z(1) · Z(n)

)
e2πinz, z ∈ H

is a weight-2 modular form of Nebentypus
(

·
p

)
for Γ0(p).
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Function field setting



Notations

• A := Fq[θ] (with q odd)
• A+ := {monic f ∈ A}
• k := Fq(θ)

• |a/b| := qdeg a−deg b for a,b ∈ A with b 6= 0
• k∞ := Fq((θ−1))

• O∞ := Fq[[θ−1]]

• C∞ := k̂∞
• π∞ := θ−1 ∈ O∞

(A+,A, k, k∞,C∞)←→ (N,Z,Q,R,C)
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Class number relations

Let D ∈ A with D ≺ 0 (i.e. the place∞ of k does not split in k(
√
D)).

Let OD := A[
√
D], w(D) := #(O×

D )/(q− 1), and h(D) be the class
number of OD. Let

H(D) :=
∑
c∈A+
c2|D

h(D/c2)
w(D/c2) and H(0) = − 1

q2 − 1 (= ζA(−1)).

Theorem (Wang-Yu, J.-K. Yu)
Given a non-square n ∈ A+, we have∑
ϵ∈F×

q /(F×
q )2

∑
t∈A

t2⪯4ϵn

H(t2 − 4εn) =
∑
d∈A+
d|n

max
(
|d|, |n/d|

)

−|n|1/2
∑
d∈A+

d|n, 2 deg d=deg n

|n| − |n− d2|
q− 1 .
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Connection with intersections

Theorem (J.-K. Yu)
Given a non-square n ∈ A+,∑

ϵ∈F×
q /(F×

q )2

∑
t∈A

t2⪯4ϵn

H(t2 − 4εn) =
(
Z · Z(n)

)
f,

Here Z is the diagonal image of X into X× X, and Z(n) is the graph
coming from the Hecke correspondence on the Drinfeld modular
curve X of full level. Moreover, Z · Z(n) = 2σ(n), where
σ(n) :=

∑
d|n |d|.
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Connection with Fourier coefficients

Remark: We have Gekeler’s “improper” Eisenstein series:

E(x, y) = |y|
∑
a∈A

deg a+2≤ord∞(y)

σ(a)ψ(ax), (x, y) ∈ k∞ × k×∞,

where σ(0) := 1/(1− q2), and ψ : k∞ → C× is defined by

ψ(
∑
i

εiπ
i
∞) := exp

(
2π
√
−1
p TraceFq/Fp(−ε1)

)
.

Put vol(Z) := 2/(q2 − 1). Then:

E(x, y) = |y|2 ·

−vol(Z) + ∑
a∈A−{0}

deg a≤ord∞(y)

(
Z · Z(a)

)
ψ(ax)

 .
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Main result



Modified Hurwitz class number

Given square-free n+, n− ∈ A+ with gcd(n+, n−) = 1, for D ∈ A with
D ≺ 0 define

hn
+,n−

(D) := h(D)
∏
p|n+

(
1+

{
D
p

}) ∏
p|n−

(
1−

{
D
p

})
.

Here {
D
p

}
:=


−1 if p ∤ D and p is inert in k(

√
D),

0 if p‖D,
1 otherwise.
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Class number relation

Let

Hn+,n−
(D) :=

∑
c∈A+
c2|D

hn+,n−
(D/c2)

w(D/c2) and Hn+,n−
(0) :=

∏
p|n±(|p| ± 1)
1− q2 .

Theorem I (Guo-W.)
Let p0 ∈ A+, irreducible with deg p0 even. Given square-free
n+, n− ∈ A+ such that

(
p0
q

)
= ±1 for every prime q | n±, suppose

n− has even number of prime factors. Then for non-zero a ∈ A, we
have

2
∑
t∈A
t2⪯4a

Hp0n
+,n−(

p0(t2 − 4a)
)
= Z · Z(a),

where Z and Z(a) are “special divisors” on “Drinfeld-Stuhler
modular surface”.
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Drinfeld-Stuhler modular surface

Let Ω := C∞ − k∞, the Drinfeld half plane, equipped with the Möbius
action of GL2(k∞). Let F = k(√p0) (∞ splits in F). The embedding
F ↪→ F⊗k k∞ ∼= k∞ × k∞ where α ∈ F maps to (α, α′), induces an
embedding GL2(F) ↪→ GL2(k∞)2. We then have an action of GL2(F) on
Ω× Ω =: ΩF.
Let n := n+ · n−, and

Γ :=

{(
a b
c d

)
∈ GL2(OF)

∣∣∣ ad− bc ∈ F×
q , n | c

}
.

The Drinfeld-Stuhler modular surface for Γ is SΓ := Γ\ΩF.
(moduli space of “Frobenius-Hecke sheaves”)
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Base curves

Let B :=
(
p0,n
k
)
= k+ ki+ kj+ kij with i2 = p0, j2 = n, and ij = −ji.

Then B is the quaternion algebra over k ramified precisely at the
primes dividing n−. We have embeddings
F ↪→ B ↪→ Mat2(F) (∼= B⊗k F):

√
p0 7→ i 7→

(√
p0 0
0 −√p0

)
and j 7→

(
0 1
n 0

)
.

Put OB := Mat2(OF) ∩ B, an Eichler A-order of type (p0n
+, n−). Let

Xn−(p0n
+) := O×

B \Ω, the modular curve of “B-elliptic sheaves”
(introduced by Laumon-Rapoport-Stuhler).

Natural map from Xn−(p0n
+) to SΓ:

[z] ∈ O×
B \Ω 7−→ [z, S1z] ∈ Γ\ΩF, where S1 :=

(
0 1
n 0

)
.

The image of Xn−(p0n
+) in SΓ is denoted by Z .
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Special divisors

Let V :=

{(
a α

−nα′ b

) ∣∣∣ a,b ∈ k, α ∈ F}, and Λ := V ∩Mat2(OF).

Given non-zero a ∈ A and x ∈ Λ with det x = a, put

Bx :=
{
b ∈ Mat2(F)

∣∣∣ bxb∗ = detb · x
}

and Γx := Bx ∩ Γ.

Here b∗ := S−11 b̄′S1 for b ∈ Mat2(F). We have the map from Xx := Γx\Ω
to SΓ defined by

[z] ∈ Xx 7−→ [z, Sxz] ∈ SΓ, where Sx := S1x̄.

The image of Xx in SΓ is denoted by Zx. The special divisor Z(a) is
defined to be

Z(a) :=
∑

x∈Γ\Λa

Zx.

where Λa := {x ∈ Λ | det x = a}.
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Generating function

Let

P :=

{(
y x
0 1

) ∣∣∣ (x, y) ∈ k∞ × k×∞
}
≤ GL2(k∞).

Put

vol(Z) := 2
q2 − 1 · (|p0|+ 1) ·

∏
p|n±

(|p| ± 1) = −2Hp0n
+,n−

(0).

We have
Theorem II (Guo-W.)
The function E on P defined by

E

(
y x
0 1

)
= |y| ·

−vol(Z) + ∑
a∈A−{0}

deg a+2≤ord∞(y)

(
Z · Z(a)

)
ψ(ax)


can be extended to a “Drinfeld-type” automorphic form of
nebentypus

(
·
p0

)
for Γ(1)0 (np0) on GL2(k∞).
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Bridge: theta series



Theta series

Let A be the adele ring of k and VA := V⊗k A. let ωV be the Weil
representation of SL2(A)× O(V)(A) on the space S(VA) of Schwartz
functions on VA. For ϕ ∈ S(VA) and g ∈ SL2(A), define

I(g;ϕ) :=
∫
B×A×\B×A

(∑
x∈V

(
ωV(g,hb)ϕ

)
(x)
)
db.

Here hb ∈ O(V) is defined by hb(x) := bxb−1 for every x ∈ V.

For (x, y) ∈ A× A×, we have the Fourier expansion

I
((

y xy−1
0 y−1

)
;ϕ

)
=
∑
a∈k

I∗(a, y;ϕ)ψ(ax),

where

I∗(a, y;ϕ) :=
∫
k\A

I
((

y uy−1
0 y−1

)
;ϕ

)
ψ(−au)du

= |y|2A
∫
B×A\B×A

(∑
x∈Va

ϕ(yb−1xb)
)
db.
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Connection with class numbers

Lemma 1
For a ∈ k and y ∈ A×, we get

I∗(a, y;ϕ) = |y|2A
∑

x∈B×\Va

vol(K×x A×\K×x,A) ·
∫
K×x,A\B

×
A

ϕ(yb−1xb)db.

Here Kx = {b ∈ B | bx = xb}, and the volume is with respect to the
Tamagawa measure, i.e. vol(K×x A×\K×x,A) = 2L(1, χKx).

Let ϕΛ := ϕ∞
Λ ⊗ ϕ∞ ∈ S(VA), where

ϕ∞
Λ := 1Λ̂ and ϕ∞ := 1OB∞ −

q+ 1
2 1O′

B∞
.

Here OB∞ is a chosen maximal compact subring of
B∞ ∼= Mat2(k∞) ∼= V∞, and O′

B∞ is an Iwahori O∞-order in OB∞ .
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Connection with class numbers

Lemma 2
For y ∈ k×∞, the Fourier coefficient I∗(a, y;ϕΛ) = 0 unless a ∈ A and
deg a+ 2 ≤ ord∞(y). In this case,

I∗(a, y;ϕΛ) = vol(O×
BA/O

×
A ) · |y|

2 ·
∑
t∈A
t2⪯4a

Hp0n
+,n−

(p0(t2 − 4a)).

Here the volume vol(O×
BA/O

×
A ) (with respect to the Tamagawa

measure on B×A /A×) is euqal to

(q− 1)(q2 − 1)
(|p0|+ 1)

∏
p|n±(|p| ± 1)

=
1− q

Hp0n+,n−(0)
.
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Connection with intersection numbers

On the other hand, from the strong approximation theorem we get

B×A×\B×A /Ô
×
B
oo ∼ // O×

B k×∞\B×∞.

This enables us to show
Lemma 3
For a ∈ A, y ∈ k×∞ with deg a+ 2 ≤ ord∞(y),

I∗(a, y;ϕΛ) = |y|2
∑

x∈Γ\Λa

I(x),

where

I(x) := vol(Ô×
B /Â

×)
∑

γ∈Γx\Γ/O×
B

∫
O×
B ∩γ−1Γxγ\B×∞/k×∞

ϕ∞(yb−1(γ−1 ? x)b)db,

and γ−1 ? x :=
(
γ−1x(γ∗)−1

)
· det(γ).
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Connection with intersection numbers

Finally, the theory of local optimal embeddings assures:

vol(Ô×
B /Â

×)

∫
O×
B ∩γ−1Γxγ\B×∞/k×∞

ϕ∞(yb−1(γ−1 ? x)b)db

= vol(O×
BA/O

×
A ) ·


Hp0n

+,n−
(0), if Kγ−1⋆x = B;

(q− 1)/#(O×
B ∩ γ−1Γxγ) if Kγ−1⋆x/k is imaginary

0 otherwise.

Lemma 4

I(x) = vol(O×
BA/O

×
A ) ·

(
Z · Zx

)
2 .

Consequently,

I∗(a, y;ϕΛ) = |y|2vol(O×
BA/O

×
A ) ·

(
Z · Z(a)

)
2 .
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The end. Thank you for your attention.
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