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Classical story



Kronecker-Hurwitz class number relation

Given a negative integer D with D = 0 or 1 mod 4, let

D++D

OD =7 )

, w(D):= , h(D) := class number of Op.

The Hurwitz class number is:

<« h(/)
HO) =D o)

2|p

Put H(0) := —1/12 (= Co(=1)).



Kronecker-Hurwitz class number relation

Theorem (Kronecker (1860), Gierster (1880), Hurwitz (1885))
For n € N, we have

Z H(t> — 4n) = Z max(d, n/d).

teZ deN
2<n din



Kronecker-Hurwitz class number relation

Theorem (Kronecker (1860), Gierster (1880), Hurwitz (1885))
For n € N, we have

Z H(t> — 4n) = Z max(d, n/d).

teZ deN
2<n din

Let § := {z€ C|Im(2) > 0} and * := HUP'(Q). Let X := SLy(Z)\H*.
Given m € N, let

gy = |m<XO(m) =To(M\H* — X x X)
under the map ([z] — ([z],[mz])). For n € N, consider the divisor

Z(ﬂ) = Zzn/dz.

deN
d2|n



Geometric interpretation

Put Z = Z(1). Then for a non-square n € N,

Z.Z(n) = (><-Z(n))f+ (x-2(m)

where
H(t? —4n) = (Z-Z(n)) =) max(d,n/d),

> (z:2m) =%

t2<un dln
and

(Z.g(n)) =" min(d, n/d).
.

In particular,

Z-Z(n)=20(n), whereo(n):=> d.

deN
d|n



Connection with Eisenstein series

Recall the following weight 2 Eisenstein series:

6@ = -+ o, zes,



Connection with Eisenstein series

Recall the following weight 2 Eisenstein series:

B = g+ oM™, zes,
n=1
_ 1 _VOl(Z) + i (Z . Z(n))e27rinz
2 2 n=1 '

(Here vol(Z) =1/6 = —2(p(—1).)



Connection with Eisenstein series

Recall the following weight 2 Eisenstein series:

_ _l = 2mwinz
B(2) = -5+ ;a(n)e , e,
1(_vol(2) < 2minz
5 <— 5 +;(Z-Z(n))e :
(Here vol(Z) =1/6 = —2(p(—1).)
{class numbers} {intersections}

\/

{Fourier coefficients}



Hirzebruch-Zagier class number relation

Let p be a prime number with p = 1 mod 4, F := Q(y/p), and Of the
ring of integers in F. Consider the Hilbert modular surface

Sk :=SL,(0p)\($ x $), Hirzebruch and Zagier introduce a family of
special curves {Z(n) | n € N} on Sk, and show the connection
between their intersections and class numbers: for n € N, put

Go(m) = 3 H(t ;”’) and I,(n) : me)\)\).

tez >\60+
2 <4n and p|t2 —4n AN/




Hirzebruch-Zagier class number relation

Let p be a prime number with p = 1 mod 4, F := Q(y/p), and Of the
ring of integers in F. Consider the Hilbert modular surface

Sk :=SL,(0p)\($ x $), Hirzebruch and Zagier introduce a family of
special curves {Z(n) | n € N} on Sk, and show the connection
between their intersections and class numbers: for n € N, put

Gp(n):= Y H <t2 p4n> and I,(n) : Z min(, \).

) tez
t2<4nand p|t2 —4n

Aeo+
AN =

Theorem (Hirzebruch-Zagier)
Z(1)- Z(n) = Gp(n) +Ip(n), VneN,

and

o0

op2) = -2 L 57 (z00) - 2, ze s

is a weight-2 modular form of Nebentypus (ﬂ for [o(p).



Function field setting



- A:=TFg[0] (with g odd)

- Ap = {monicfeA}

- k:=Ty(0)

- |a/b| := gdega—degb for a,b € A with b # 0
oo = F((07)

* OOC = Fql]:e_1]]
0 Con = EOO
oo =071 € O

(AL A R Ry, Co) +— (N, Z,Q, R, C)



Class number relations

Let D € A with D < 0 (i.e. the place co of k does not split in R(v/D)).
Let Op := A[V/D], w(D) := #(0})/(q — 1), and h(D) be the class
number of Op. Let

HE) = 3 th((gﬁz)) and  H(0) = —

<2|p

2-1 (= Ca(=1))-

Theorem (Wang-Yu, J.-K. Yu)
Given a non-square n € A, we have

Z Z — b4en) = Zmax(|a\,\n/a|)

teA eh,
EEF /(F )? 2<ten ?n

n| —[n — %
[ -1

vEAL
0|n, 2deg 0=deg n



Connection with intersections

Theorem (J.-K. Yu)
Given a non-square n € A,

> ) H(E - ten) = (2-2(0)),,

) teA
<€F /(B 25w

Here Z is the diagonal image of X into X x X, and Z(n) is the graph
coming from the Hecke correspondence on the Drinfeld modular
curve X of full level. Moreover, Z - Z(n) = 20(n), where

a(n) =3 5 0



Connection with Fourier coefficients

Remark: We have Gekeler’s “improper” Eisenstein series:

Exy) =l Y. o(@p(ax), (%) € koo X R,

aeA
deg a+2<ordoo (V)

where ¢(0) :=1/(1—@?), and ¢ : kRx — C* is defined by

z/)(z eml ) == exp <2W\p/j1'|'race]pq/1gp(e1)> .

i

Exy) =20 |—vol(2)+ 3 (2 Z(@)w(x)

acA—{0}
deg a<ordog ()



Main result




Modified Hurwitz class number

Given square-free nt n= € A, with gcd(n™,n~) =1, for D € A with
D < 0 define

o] () 116 {2))

Here
—1 ifptDandpisinertin kR(v/D),

{D} 0 if p||D
2o i ,
P p

1 otherwise.

1



Class number relation

Let

nT m ’ + - nt +1
H»on (D) = Z w and Hn oo (O) - 1_[)31(|2|2)

cEAL
21D

Theorem | (Guo-W.)

Let po € A, irreducible with degpo even. Given square-free
nt,n~ € A, such that (pq—o) = 41 for every prime q | n*, suppose

n~ has even number of prime factors. Then for non-zero a € A, we
have

23" HPmn (o (2 — 40)) = Z - Z(a),

teA
2 <4a

where Z and Z(a) are “special divisors” on “Drinfeld-Stuhler
modular surface”.



Drinfeld-Stuhler modular surface

Let Q := C4 — R, the Drinfeld half plane, equipped with the Mobius
action of GLy(Rw). Let F = R(y/po) (oo splits in F). The embedding

F < F®p Roo = Roo X Roo Where aw € F maps to (o, o’), induces an
embedding GL,(F) — GL,(ks)?. We then have an action of GL,(F) on
Qx Q= QF

letn:=nt-n", and

a b X
r;:{(C d) eGLz(OF)‘ad—bcqu,Mc}.

The Drinfeld-Stuhler modular surface for ' is Sy := [\ Q.
(moduli space of “Frobenius-Hecke sheaves”)



Base curves

Let B:= () = Rk + Ri + kj + Rij with i = po, j* = n, and ij = —ji.
Then B is the quaternion algebra over k ramified precisely at the
primes dividing n=. We have embeddings

F < B — Mat,(F) (£ B®y F):

. Vv Po 0 . 0 1
v/ d )
Po I < 0 —p and i
Put Og := Mat,(Of) N B, an Eichler A-order of type (pont,n™). Let

Xa—(pon™) := 05 \Q, the modular curve of “B-elliptic sheaves”
(introduced by Laumon-Rapoport-Stuhler).

14



Base curves

Let B:= () = Rk + Ri + kj + Rij with i = po, j* = n, and ij = —ji.
Then B is the quaternion algebra over k ramified precisely at the
primes dividing n=. We have embeddings

F < B — Mat,(F) (£ B®y F):

\/ﬁHiH<\/g)% _3@) and jH(i ;)

Put Og := Mat,(Of) N B, an Eichler A-order of type (pont,n™). Let
Xa—(pon™) := 05 \Q, the modular curve of “B-elliptic sheaves”
(introduced by Laumon-Rapoport-Stuhler).

Natural map from X,— (pon™) to Sr:

[z) € O5\Q2 — [2,5:2) e T\QF, Wwhere Sy := <2 ;) .

The image of X,— (pon™) in Sr is denoted by Z.

14



Special divisors

LetV:_{ a/ a) ’a,bel?,aeF ,and A := VN Mat,(Of).
-no/ b

Given non-zero a € A and x € A with detx = a, put
By = {b € Maty(F) ’ bxb* =detb-x} and Fyi=B N

Here b* := 5(15’51 for b € Mat,(F). We have the map from Xy := ',\Q
to Sr defined by

[2] € Xx — [2,542) € Sr, where Sy := SqX.

The image of Xy in Sr is denoted by Zy. The special divisor Z(a) is

defined to be
Z(@)= ) Z

XEMAq

where Ag ;= {x € A | detx = a}.



Generating function

Let
= {(g :) ] (X,Y) € koo x fe;} < GLy(Rao).
Put
2 o
vol(Z) := Wilpol +1) - ] (ol 1) = —2H"""(0).
plnt
We have

Theorem Il (Guo-W.)
The function &£ on P defined by

5(36 )1(>:y- —ol2)+ Y (2 Z(@)w(ax)

acA—{0}
deg a+2<ordoo (V)

can be extended to a “Drinfeld-type” automorphic form of
nebentypus (%> for Fg)(npo) on GLy (R ).



Bridge: theta series




Let A be the adele ring of kand V, := V®y A. let wy be the Weil
representation of SL,(A) x O(V)(A) on the space S(Vy4) of Schwartz
functions on V4. For ¢ € S(V4) and g € SL,(A), define

I(g; ) = /BXAX\BX <Z (wv(g>hb)<ﬂ)(><)> db.

xeV
Here h, € O(V) is defined by hy(x) := bxb~" for every x € V.



Let A be the adele ring of kand V, := V®y A. let wy be the Weil
representation of SL,(A) x O(V)(A) on the space S(V,) of Schwartz
functions on V4. For ¢ € S(V4) and g € SL,(A), define

I(g; ) = /BXAX\BX <Z (wv(g>hb)<ﬂ)(><)> db.

xeVv

Here h, € O(V) is defined by hy(x) := bxb~" for every x € V.
For (x,y) € A x A*, we have the Fourier expansion

(6 57)e) e
e [ 1[5 7)) v-anas

W [ ( w(yb-&b>> db.
BX A\B Z -

XEVq

where



Connection with class numbers

Lemma 1
Forae kandy € A%, we get

Fayie) =B S vol(KrAX\KX,)- / H(yb~Txb)db.
XEB*X\Vq KA \BY

Here Ky = {b € B | bx = xb}, and the volume is with respect to the
Tamagawa measure, i.e. Vol(Kg A*\KF, ) = 2L(1, x«,)-



Connection with class numbers

Lemma 1
Forae kandy e A%, we get

Fayie) = X vl ANKE): [ ey xb)db.
XEBX\Vq Keoa\BL
Here Ky = {b € B | bx = xb}, and the volume is with respect to the
Tamagawa measure, i.e. Vol(Kg A*\KF, ) = 2L(1, x«,)-
Let va 1= ¥R ® Yoo € S(Va), where

q+1,
2 Ve’

o =1z and @ i=To, —

Here Op__ is a chosen maximal compact subring of
Boo = Maty(Roo) = Voo, and Oy is an lwahori O-order in Og_, .



Connection with class numbers

Lemma 2

For y € RX, the Fourier coefficient I*(a,y; ¢a) = 0 unless a € A and
dega+ 2 < ordw(y). In this case,

I*(a,y;¢n) = vol(OF, /OX) - Iy - 3 H™™" (po(£ — 4a)).
250
Here the volume vol(0g, /O}) (with respect to the Tamagawa
measure on By /A*) is eugal to
(@1 -1 -9

(Ipol + ) Ty (Il £1) — HPov* = (0)

19



Connection with intersection numbers

On the other hand, from the strong approximation theorem we get
BXA*\B}/0f <—=— OFRX\BX.
This enables us to show

Lemma 3
Forae Ay € R with dega + 2 < ordos(V),

’*(G»V;Sﬁ/\) = |y|2 Z I(X)7

S r\/\a

where

Z(x) := vol(OF /A%)
EFX\F/O><

/ Poo(yb= (7" %X)b)db,
O Ny~ 1FXPy\BOQ/f?X

and v xx = (7”)((7*)*1) - det(y).

20



Connection with intersection numbers

Finally, the theory of local optimal embeddings assures:

vol(03 /4%) [ poc(yb™ (v~ % X)b)db

05 Ny~ "y \B /R
HPon"87(Q), if K1 = B;
= vol(Og, /O5) -1 (g —1)/#(0F Ny~ 'Txy)  if K —1,/k is imaginary
0 otherwise.

21



Connection with intersection numbers

Finally, the theory of local optimal embeddings assures:

vol(03 /4%) [ ooy~ (77T % X)b)db
05 Ny~ My \B& /k%
Hpon'.n™ (Q), if Ky—1x = B;
= vol(Og, /O5) -1 (g —1)/#(0F Ny~ 'Txy)  if K —1,/k is imaginary
0 otherwise.

Lemma 4

(z-2)
2

Z(x) = vol(Og, /Ox) -
Consequently,

(z-2(@)

I"(a,y:n) = yPvol(0F, /0F) - =

21



The end. Thank you for your attention.

22
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