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Introduction to Image Analysis

Colour images f : R? — R3.




The Classical Fourier Transform

The Fourier Transform acts on f : R — C by

F{F()}y) = / e F(x)dx.



The Classical Fourier Transform

The Fourier Transform acts on f : R — C by

F{F()}y) = / e F(x)dx.
On f:R"—= C by

FIFOMy) = [ &7 Fxax



Properties of the Classical FT

Forany f,g :R" = C, \,u € R and xg € R"
Linearity F{Xf + g} =AF{f}+ uF{g}

Translation F{f(x — xo)} :e—ixoy/_—{f}

Differentiation F{dixjf} —iy;F{f}
Scaling F{f(\x)} (%)
Plancherel HF{f}H2 :||fH2

Convolution F{f}F{g} = F{[f(x—y)g(y)dy}=F{fx*g}
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Intro to Clifford Algebras

Create new units ey, ..., e, such that ej2 = —1 and ejex = —ee;.
A number is

n
a=ag+ g ajej + E ajkejex + ...+ ai. .ne1€...€q
Jj=1 J<k
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This 2" dimensional space is denoted Rp.
Note R(O) =R, R(l) = C,R(z) = H.



Intro to Clifford Algebras

Create new units ey, ..., e, such that ej2 = —1 and ejex = —ee;.
A number is

n
a=ag+ g ajej + E ajk€jek + ... + ai..ne1€2...€q
Jj=1 J<k

This 2" dimensional space is denoted Rp.
Note R(O) =R, R(l) = C,R(z) = H.
Consider a function f : R" — R, by ag : R" = R.



Some Clifford Operators

For functions f : R" — R(,), we have
» Position x =) . ejx;
» DiracD=)"; ei%



Some Clifford Operators

For functions f : R" — R(,), we have
» Position x =) . ejx;
» DiracD=)"; ei%

If Df =0 then f is monogenic.



Some Clifford Operators

For functions f : R" — R(,), we have
» Position x =) . ejx;
» DiracD=)"; ei%

» Gammal=-3, . e"ef(xiaixj _Xja%_)



Parity Matrices

Split R(,) = Ae & Ao, the odd and even parts of the algebra.
Hence the parity matrix of f : R" — R, is

1= [ff?(—% f:‘(’(—xx))} '



Clifford Fourier Transform

The Classical Fourier Transform can be written

F{f} = exp(~izH){f}

where the Hermite operator is H = 3(—A, + [|x||2 — n) and A, is
the Laplacian on R”".



Clifford Fourier Transform

The Classical Fourier Transform can be written

F{f} :exp(—igH){f}
So we define for f: R" — Ry,

F{f} = exp(~ig H){f}

where the Hermite operator is H = 3(—A, + [|x||2 — n) and A, is
the Laplacian on R”".



Alternate Representations

Equivalently, for f : R" — R,

FIFG)Hy) = / e 13T e 1> F(x)dx

or equivalently

FIFO)My) = e 2T F{f(x)}.



Alternate Representations

Equivalently, for f : R" — R,

FUFO)M) = / e T3Te <> £(x)dx
or equivalently
F{F()}y) = e 2T F{f(x)}.
In 2D specifically,

FIO)0) = 5 [ & fx)d
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Properties of the Clifford FT

Forany f,g : R" = R(,), A, € R(,y and xp € R”

Linearity
Translation(2D)
Differentiation
Scaling
Plancherel
Convolution

Convolution(2D)

F{fA+gu}
F{f(x = x0)}
F{Df}

F{F ()}
IF{FHIZ
F{f1F{g}

[Ff][Fe]

=FUIA+ Flgin
—eVMOF{f)

=—yF_{f}

= F{HE)

=|If1?

=F{e2T(e7 3T f) x (72" g)}

=[F{f xg}]



Classical Hardy Theorem

X y

If a function f : R” — R has a Fourier Transform supported on the
positive half line,
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support of Ff(y)
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If a function f : R” — R has a Fourier Transform supported on the
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Classical Hardy Theorem

X y

If a function f : R” — R has a Fourier Transform supported on the
positive half line, then it has an analytic extension f(x, t) for
t >0. Further [|f(x,t)Pdx < |If|°.



Clifford Hardy Spaces

Algebraically, f € H2 if

Y+ Lyrr—Fr
20yl
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Algebraically, f € H2 if
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For Clifford functions we define f € H2 if
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Clifford Hardy Spaces

Algebraically, f € H2 if

S LyFr = Fr.

|yl

For Clifford functions we define f € H2 if

[%(1$ m

Note [3(1+ )7 = [3(1+ )] and [3(1+ )II(1 -

TONFA] = [Ff].

pl =0



Clifford Hardy Theorem
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Theorem (Franklin, 2015)
If a function f : R" — R, has a Clifford Fourier Transform such
that [3(1 — 2)I[Ff] = [Ff],
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Theorem (Franklin, 2015)

If a function f : R" — R, has a Clifford Fourier Transform such
that [3(1 — 2IIFf] = [Ff],



Clifford Hardy Theorem
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Theorem (Franklin, 2015)

If a function f : R" — R, has a Clifford Fourier Transform such
that [%(1 - ﬁ)][]—'f] = [Ff], then it has an monogenic extension
f(x,t) fort > 0.



Clifford Hardy Theorem
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Theorem (Franklin, 2015)

If a function f : R" — R, has a Clifford Fourier Transform such
that [(1 — |i—l)][ff] = [Ff], then it has an monogenic extension
f(x,t) for t > 0. Further [ |f(x,to)[2dx < ||f]?.



Classical Paley-Wiener Theorem

If a function f : R” — R has a Fourier Transform supported on a
interval of length R,
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Classical Paley-Wiener Theorem

-

X —-R R y

If a function f : R” — R has a Fourier Transform supported on a
interval of length R, then it has an analytic extension f(x, t), such
that [ |f(x, to)[2dx < e?ItIR||f|12.



Clifford Paley-Wiener Theorem
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Theorem (Franklin, 2015)

If a function f : R" — R, has a Clifford Fourier Transform
supported on the ball of radius R,



Clifford Paley-Wiener Theorem
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Theorem (Franklin, 2015)

If a function f : R" — R, has a Clifford Fourier Transform
supported on the ball of radius R, then it has a monogenic
extension f(x,t),



Clifford Paley-Wiener Theorem

~
X2

Theorem (Franklin, 2015)

If a function f : R" — R, has a Clifford Fourier Transform
supported on the ball of radius R, then it has a monogenic
extension f(x,t), such that [ |f(x,t)[?dx < e?tR ||,



Conclusion and Questions

Thanks to Jeff Hogan and Kieran Larkin for their valuable support
and advice.
Thanks for listening.



