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On absolute generalized Hausdorff summability

By

DAviD BoRWEIN, F. PETER Cass and JOHN E. SAYRE

Introduction. Hausdorff matrices have played an important role in summability theory
and are intimately linked with the moment problem for a finite interval. The matrices of
such standard methods of summability as the Cesaro, the Holder, the Euler and the
weighted mean methods are all Hausdorff or generalized Hausdorff matrices (see [3], [4],
{5] and [6]). In this paper we define the notion of absolute summability appropriate to
generalized Hausdorff matrices and extend known results for ordinary Hausdorff
matrices. In particular we establish relationships between generalized Cesaro and gener-
alized Holder absolute summability methods.

o0
Absolute summability. Let @ = (g, ;) (n,k = 0, 1, ...) be a matrix. Given a series Y. a,,
let " © n=0
Sn = 2 ak and an = Q(Sn) = Z qn,ksk’
k=0 k=0
Let

U=1—u,+ Y u, where u,>0 for k=0,1,...,
k=0

and suppose that y is real and f > 0. We define absolute summability |Q, u,, 7|, as

follows: 3° a, is summable |Q, u,, |, if
n=0

w
1) X U o, — 6, I < 0.
n=1

Ifu,=1forn=0,1,..., then (1) is equivalent to

o0
Z n7ﬁ+ﬂ_1 Ian - O'n—llﬂ< 0

n=1

which is the defining inequality in the definition of absolute summability given by
Borwein [1]. Given absolute summability methods V and W, the notation

V=W

is used to mean that every series summable V is also summable W,
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Generalized Hausdorff matrices. Suppose in all that follows that A = {1,} is a sequence
of real numbers with
2) Ap=0 and inf 4,>0.
nzi
Let 2 be a simply connected region that contains every positive 4,, and suppose that, for
n=0,1,..., I, is a positively sensed Jordan contour lying in € and enclosing every 4, € Q

with 0 < k < n. Suppose that f is holomorphic in Q and that f(1,) is defined even when
Ao € Q. Define

ey eea j@)dz
3) D = ke "rip (A —~2) (4, —2)

+6, for 0£kZn,

0 for k > n,

where §, = f(4,)if k = 0 and A, ¢ @, and §, = 0 otherwise. Here and elsewhere we observe
the convention that products like 4,,,--- 4, =1 when k = n. Denote the triangular
matrix (4, ) by (4; f). This is called a generalized Hausdorfl matrix. The set of all
generalized Hausdorff matrices associated with A is denoted by #,.

For « real, the generalized Holder matrix H, is defined to be the matrix (4; f) with

f@=(+1)""
For o« > — 1, the generalized Cesaro matrix C, is defined to be the matrix (4; f) with

T+ I(z+1)
&= —revat1)

These reduce to the standard Holder and Cesaro matrices when 4, = n.

For 0 <t = 1, let 4, () denote the value of 4, , obtained from (3) with f(z) = %, and
let 4, ,(0) = 4, (0 +).

Let

@) Do = (1 +Ag)dy = 1; Dn=(1+%>---(1+%>=(1+z,,)d,, for n 1.
1

"

Then, for n 2 0,

() p=1—do+ X dy.
k=0

It is easily seen that if 4, + o« >0 for k £j <n and I' is a positively sensed circle
enclosing 1, ..., 4, and lying to the right of — o, then

1 1 t?dz
a—1 o

R e I R vowr 7 e
_ 1 j. dz _ 1
T2nit @+ —2) (=2 Gt ®)(,+a)
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It follows that if A; + & > 0 for k < j < n, then

1 ALl
6 #o1 ()dt = k1 T for 0<k<n,
© e 0 dt = G e T 0Sksn

and hence that

L d
(7 §/1,,,k(t)dt=3" for 0 <k < n.
0

Further, it is known (see [3]) that
®) 04,003 4,01 for0=t=<1 0=j<n
k=0

Also it is evident that if
flz) = ftzdx(t)

where y € BV, the space of functions of bounded variation on [0, 1], then

-

©) A = | i (0) d (0)-

(=)

For X € #,, we write | X, |, for | X, d,, y|, where d, is given by (4). Lemma 2 in [3]
shows that if X = (4; g) and Y = (1; h) where g and h are holomorphic in 2 and defined
at Ay, then

(10) XY=(4;gh).

It follows from (10) that C; ! € #, and hence that C; ! commutes with any matrix in
;. Further, since

tt
O ey P
o~
N
T

it follows from (7) and (9) that

Ci(s,) = 2 di Se»

D—
and hence that

Crl(s) =s, + Aa,

where s, = > a,. It is now easy to show (as in [1], p. 126) that if X € J#,, then
k=0

X(A'nan) = j‘n(o-n - O-n~1)
where o, = X(s,), 6_; =0.
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Consequently, in view of [2] and [4], for X € 4, 2 a, is summable | X, y|, if and only
if ¥ DAY IX(Aa )l < . "

n=1
Our primary object is to prove four theorems which generalize results involving

ordinary Hausdorff matrices (i.e., 4, = n) due to Borwein ([1], Theorems 6, 9, 11 and
Proposition (V1) (1)).

Preliminary results.

Lemma 1. If (X, f) and (X, f) are members of #, with
1 N 1
1@ = (I)tzdx(t) and  f(2) = gt’ ldx(®)!

where y € BV, and if B = 1, then, for any sequence {w,},

IX(wlf < MP71 X (jw, /")
1
where M = | [dy(2)].
1]
Proof. Let X = (4, ,) and X= (I,,, - Then, by Holder’s inequality,

|X(Wn)lﬂ= Z ln,kwk
k=0

B n f—1 g
é(Z /Tn,k) Y Ani IWilf £ MAT X ()
k=0 k=0
in view of (8) and (9).

Lemma 2. Let o = 0. If eithera < 1or 3 A, 2 < oo, then there is a number M > 0 such
that, forn2k =0, n=1

(1) tr— Vot+ N em1+ ") (14 2
A+ 1 A = A+ 1 )

Proof. If « = 0 or & = 1, (11) is true as an equality with M = 1. If 0 < o < 1, a simple
calculus argument shows that

141142
)= T

so that (11) holds with M = 1. Finally, if Z A% < o0, then (11) follows from the order

relation
1\ a\ !
1+=—)(1+—) =1+0(U?,
(*4)(%) oG5

and this completes the proof.
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We now introduce the notation:

Ao,0(0) for n=k=0,
:k(t) = lk
Y

‘n

Aoyt for 0£k<n nzl.
It is known ([2], Lemma 2) that,

(12) YArms1 for0=t=s1, k0.
n=k

Lemma 3. Suppose that o = 0 and that either o <1 or Y. 4,2 < co0. Then there is a
number M such that, for 0 £t <1,k 20, n=1

@© D\
X A@r <—n> =M.
n=k Dk

Proof. It follows from (2), (11), and (12) that, for 0 <t <1,k = 0,

}'k-l—l }'n

o o
A1 + el +— =M.
n=k Ay + @ i) < 'Ik+1> (+ln>_

© D \* ©
2 A ta<—"> =2 Arul®) ta<1 +
n=k Dk n=k

Main results.

Theorem 1. Let y € BV, let B 2 1 and let X = (4; f) where

1) = g £ dy(0).

Suppose that

(13) 77 1dx ()] < co.

1]
If either yB<1or 3 A7%< o0, then
n=1

oo

@ DY iyt | X(Aya)P < M Y DIP AT |Aya,lf

n=

where M is a constant independent of the sequence {a,} and

L_Jo i >0,
T i A =0,
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and
(11) |Q7 dm Vl,z = IXQa dm ’ylﬂ for any matrix Q
(Note that condition (13) is redundant when y < 0).

Proof of (i). Let

S=3 DA da,l.

n=r

Suppose first that y < 0. By Lemma 1 and (12)

® 1 © @©
Y DA X (Aua)lf = METH{1dy(@)] X (e’ X DI AT 2, 4(0)
n=r 0 k=r n=k
1 o @
< M7 [ drO X DI At iwall’ T Ady A (0)
0 k=r n=k
<MES
1
where My = | |dy(t)|.
0

Suppose now that y > 0and 0 < ¢ < 1. Let
AUES kgo (e

By Hoélder’s inequality and (8)

n n p—1 n
(14) 1£OF = 3 4,00 Ilkaklﬁ( 2 ;l'n,k(t)> £ Y Ai® e’
k=0 k=0 k=0
Hence
(15) 8 DA @ =f X DA X A (O 1 e
n=r n=r k=r
© o (D \8
=X DI galf 2 <_'1> DA A () 77
k=r n=k Dk ’
<M,S

by Lemma 3, M, being a constant independent of {a,}. It follows, by a form of Minkows-
ki’s inequality, that
ﬁ>l/ﬁ

© 1/
X Dt If;'x(t)lﬂ> ldx(®)]

n=r

o

0 1/8
(;Dwuwxm%ﬂ =<;Dwal
h=r :
{
0

(M, 5" gt” |dx(2)]

1
(f) Ja(t) dx(®)

A

A

and this completes the proof of (i).
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Proof of (ii). In view of (2) and (4), it follows from (i) that |1, d,, y|s=|X, d,, 7|,
where [ is the identity matrix. Result (ii) is an immediate consequence.

Theorem 2. Let & > f = 1,]1—)=1 +§—%,y;0, and let X = (1; ) where

fl2) = jtz ¢ () dt

with §(t) € L(0, 1) and t* 77~ YP (1) e I7(0, 1). If either 0 Ly <1 or ¥ 172 < oo, then

n=1

© 1/ 0 1/8
() X DA X (,a)*) =M X DA A,
where M is a constant independent of the sequence {a,} and

. 0 if 25>0,

T i A =0,
and
(i) 19, d,. y1p=>1XQ, d,, 71, for many matrix Q.

Proofof(i). Let0O <t < 1 andlet S, f,(z) be defined as in the proof of Theorem 1 (i).
The symbols M, M, M, will be used to denote positive numbers independent of #, t and
the sequence {a,}.

It follows from (14), (6) and Lemma 2 that

1 n 1
(16) Dl’ggt”’_l | (0P dt < D}F 2 likaklﬁft”_lln,k(t)dt

(]

|
Dyp /1 B k+1
=D 3 lha e 598 o< 7P)

< Mlkg |2yl DY Gy +7B) " < M, S.

1
Nowletc=1—y —l%, Y (1) = t°4(1), and K = | [y (9|P dt. By hypothesis K is finite,
0

and an application of Holder’s inequality yields

1

[v@ /@) dt
/B—1/a (-2

< K“””(ff”” ! If(t)lﬁdf> (fhl/(t)f" e? if(f)l"dt>

| X (4,a,)| =

Hence, for n > r,
a/f—1

1
D M X (Apa)l* < K“_"‘/”(DZ” jerft lf,,(t)I”dt>
o]

1
'(J;Ilﬁ(t)l”t”’Dﬁ'“/l.T1 | L@ de.



426 D. BorweIN, F. P. Cass and J. E. SAYRE ARCH. MATH.
In view of (15) and (16), it follows that

@ 1 @
X D}*h | X (Apa,)* S K*7¥F (M Sy¥E 71 gll//(t)l”t”’dt Z Dot Lo

S KM, S "' KM,S = MSY*
and this establishes (i).

Proof of (ii). It follows from (i) that [I, d,, y|; = | X, d,, ,, and (ii) is an immediate
consequence.

0

Theorem 3. Let f = 1, o > — 1 and suppose that either yB <1 or ¥ 17% < 0.

n=1
() If y <min(1, 1 + a), then |C,, v|3=H,, 7l;.
(i) If y<lora=23,...and y <2, then |H,,y|=|C,, 7l;.
Proof. Let
z+ 1) *T'z+a+1)
w(z) =
Fa+1DI'(z+1)

It is known (see [1], p. 131) that
1 1
w(z) = gtzdxl(t) and 1/w(z) = (j)t’dxz(t)
where y,, x, € BV,

1
ft7eldy, ()l < oo if c <min(1,1 + a),
0
and
1
ftcldy,(®l< o if c<1l or a=23,... and ¢ < 2.
0
Let X = (4;w) and Y= (4; 1/w). Then XC, = H, and Y H, = C,. Hence, by Theorem 1,

ify <min(1,1 + o), then |C,, y|p =X C,, ylg,andify <lora = 2,3,...and y < 2, then
|H,,v|g=Y H,, 7| This completes the proof.

Theorem 4. Let a2 21, g>§*%, 6+ 1>y=20. If either 0SyB=1 or
3 A% < oo then

n=1

C5Q,p=1C54,9, 7], for any matrix Q.
Proof. In view of (10) we have
Ca+g = Ca+eca_lca =XC;
where X = (4; f) with

@ TCterDIE+D) Te+d+1)
&= —Feis+e+0) TG+DTG+D

= it’¢(t)dt
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and
_ I'G+eo+ 1)

] —ne—1
“ToTe+n 4= 9"

(1)

Suppose first that & = B. Then, since § —y > — 1, we see that t 77 ¢(f) € L(0, 1), and so
by Theorem 1(ii), | C;, y],= |C5.,, 7], - The required result is an immediate consequence.
Suppose now that a>f and let %= 1+ bi_c — % Then p(g—1)>—1 and

plo+1—vy —%) > —1, so that ¢(t) e L(0,1) and t'~ 7" ?¢(t) e I7(0, 1). Hence, by

Theorem 2 (ii), | C;, |3 =1C;.+,, 7], and again the required result follows.
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