A PROOF OF THE THUE-SIEGEL THEOREM
ABOUT THE APPROXIMATION OF ALGEBRAIC NUMBERS FOR BINOMIAL
EQUATIONS

KURT MAHLER, TRANSLATED BY KARL LEVY

In 1908 Thue (1) showed that algebraic numbers of the special form & = ’\L/% can, for every positive €, only be
sharply approximated by finitely many rational numbers l; with the following inequality holding

‘5 _ p’ < e,

q
The proof uses, if perhaps in a somewhat hidden way, the continued fraction expansion of the binomial series
(1 — 2)¥. In further work about the approximation of algebraic numbers (2,3) famously Thue used instead a
completely different tool, the drawer method of Dirichlet, and showed further that the above statement holds for
any algebraic number. Thue’s methods were later generalized by Siegel(4,5,6,7) who showed, among other things,
that for every algebraic number in the above inequality the exponent 7 + 1+ € could be replaced by - +m — 1+,
where m is some natural number.

This note demonstrates a generalization of Thue’s methods in (1); Like Thue I restrict myself to the roots
& = ’(/% of the binomial equations. The continued fraction expansion of the binomial series is generalized and
algebraic approximation functions are given instead of rational approximation functions. In doing so I proceed
exactly as in my work on the exponential function(8). Integrals are set up for the approximation functions; thus the
estimates become much easier and you can prove Thue’s theorem with Siegel’s Exponents for the binomial algebraic
equations without difficulty and without use of the pigeonhole principle.

I.

1. Let 01, 09,...,0m be m natural numbers and let wy,ws,...,w, be m complex numbers such that no pairwise
difference
Wh — Wk (h,k=1,2,...,m);h #k

is an integer. From known theorems about homogeneous linear equations there are m polynomials

Ak (Z

that do not simultaneously and identically vanish and that are respectively of degree at most

w1 .. W’m> (k:1,2,,m)
1 .-+ Om

Ql_laQQ_la"'vgm_17

so that in the power series expansion of the expression

= wr ... Wm w = 1
> Y- =3 as
k=1 o e lm 1=0

all coefficients a; with
0<l<oi+o+ - +om—1

are zero. We rewrite these expressions as
m
R<Z O e W >22Ak<z
01 -+ Om 1

Then it can easily be shown that

G W )(1_,2)%

[ Om
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is the same as

R W2 —WwW1 —01 ... Wy, — W1 — 01
02 Om

and thus that consequently the coefficient of the (01 + 02+ - - - + 0 — 1)-th power of z in the power series expansion

of R <z 0;1 o c;m > is not equal to zero. We choose the coefficient to be:
1 . m
I'(o1)...T -
(01) (om) U:ZQk 7
(o)
k=1
and thus R | z 2}1 o (Zm ) is uniquely determined. Below R (z wioe :m ) is always to be understood
1 e m m

as such?.
Thus we have the identity

dem-1 doem—2
A 290m—

o R(z ‘”i - “’: Rr(- wm*wm:nlfgm_l
{jzw(lz)wl} (F(Qf)...F(gmi) ) ( F(Qi) )

and since we have

Wm — Wm—-1 — Om—1
R (Z Om ) _ ZQWL_l(l _ Z)an_wm,fl_é)m—l
I'(om) I'(om)
we can write
R(Z w1 Wi )
01 -+ Om w o1 —
= {(1 = 21 JOH{(1 — z)2 1@ ez}

ng_l(l — Z)WWL_Wm,—l_Qm—l

I'(om)

{(1 _ Z)Wm—l_WWL—Z_QnmeJQm—l}

Jz/...dz
0

This multiple integral can easily be used in the following form:

z t1 tm—2
R(Z ot Wm ) :/ dtl/ dtQ.../ dtm_lR(z|t1t2...tm_1)
o1 .- Om 0 0 0

R(z|tite .. tm1) =(z — t1)2 7 (t1 — t2)2 7 . (b — b)) @m0 H (27 ) ¢

(1 _ Z)wl (1 _ tl)w2*w1*91 L. (1 _ tm_2)wnL717WWL727@1n72(1 _ tm_l)wm*wmflfgmfl)'

Wi Wmo) g
01 Om

where J stands for the operation

Let’s also give a simple Cauchy integral for R <z

S P e A iy = ey

which is integrated in the positive direction on a big enough circle about the origin. Because there is an expansion

in decreasing powers

m or—1 Wi, + h —1 0o l
[T (1- =) =Sm o=
k=1 h=0 =0

ISee the proof in my paper (8) wherein the analogous considerations for the exponential function are gone through completely.
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therefore by the theorem of residues we get
_ F(Ql) Tt F(Qm)za—l

R (z W1 ... Wy ) _ (—1)‘7_11"(91) - T(om) Zbl (log(1 — z))‘7+l—1
I'(o)

01 ... Om — I'(oc+1)
On the other hand, summing over the residues of the poles of the integrals we get
w1 ... Wm Wm,
Rz A 1— 2)%k
( o1 ... Qm) Z ’“< o1 ... Qm>( )
w w o (1-=2)
A, (z 1 e W ) =(=1)"'T'(o1)..-T(om) Z Y

01 Om wk+h
11 (e
k=1 h=0

+...

where the polynomial Ay (z wroee Zm ) is exactly degree gp — 1. Thereby the claims of the definition of
R (z WL @m ) are fulfilled.
or .- Om

2. Using the abbreviation

we have

fork=1,2,...,mand h=0,1,..., 0, — 1. Further, we have
I'(or) o h—1 Qk1>

F’(warh‘;:)_( v ( h

whereas from the well-known gamma formula we have

I(1+2)'(y)
rl+z+y)

for R(y) > 0 where G is the unit-circle in the positive direction and the integral is the principle value. Thus it
follows that for h=10,1,..., 0, — 1, x # k

2
/ t*(1 +t)v'dt = Zsinmx
G 2

F(Qx) _ .Z.(—l)é’m*h / twk*wﬂﬂrh*gm(l —|—t)9””71dt
7 (wk nle > 2sin(wg — w7 Jo
Ox
Thus the m — 1 variables t1,ta, ..., tk—1,tk+1,- .-, tm (integrated respectively in the positive direction on the unit-
circles G1,Ga,...,Gr—1,Gk41, - .., Gy, in their planes) are written in the abbreviated form as follows

dty .. / dti_1 / dti41 .. / dt,, = dt.
Gy Gr_1 e Gm (@)

So now with @, the finite and non-zero constant

m
H 2isin(wg — wg) T

=

88
e
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we arrive at the following integral formula by means of a simple calculation

Ay (Z Wi Wm ) :Qk(fl)mil/ (1+ (71)mt1...tk_ltk_;,_l...tm(l 72’))%_1 Ht:k7w1792(1+tay)gzildt.
1 ... Om (@) z=1
r#k
3. We define the symbol 6y for (h,k =1,2,...,m) as follows
P 1 for h=k
he=1 0 for h#k
and for (h,k =1,2,...,m) set
w1 e Wm w1 e Wm,
R =R
h<z o1 ... Qm) (z91+5h1 Qm+5hm>
w1 NN Wm w1 ‘e Wm
A =A .
hk<z 01 ... Qm> k<ZQ1+5h1 Qm+5hm>
Thus between the determinant
A(Z w1 wm>:Ahk<Z w1 wm>’
01 --- Om 01 --- Om
and the minor
w1 SN Wm w1 e Wm
A = A 1]t
h’“(z o1 - Qm) ‘ e (z o1 - Qm)h’;éh
k' #k
there is the identity
w1 e W Wi - h+k w1 e Wm, w1 . Wm
Al z 1—2)¥F = -1 A z Ry |z
( o ... Qm>( ) };( ) h’“( o ... 9m> h( o ... gm)

w1 ... Wm

for (k =1,2,...,m). Thus A (z ) has a root of order ¢ at z = 0; Now since it is cleary also a

1 -+ Om
polynomial of order exactly o, the following must hold

Al 2 w1 ... Wm -5 w1 ... Wm 50
01 ... Om 01 ... Om '
in which the constant 5( Wi Wm > is independent of z; Furthmore since Apy (z Wi Wm ) is a
01 . Om 01 .. Om
polynomial in z of degree exactly gy 4 0pr — 1, it follows that § w1 L;" ' ) is not zero; Thus the determinant
1 ... m
A (Z w1 N Wm )
01 --- Om
vanishes if and only if z = 02 .
II.
4. Let n be a natural number such that n > 3 and n > m > 2 and
1 m=1 ol m—1
Ry(z)=Rp(z| » 7 n , App(z)=A z| o T n
n(2) h( 00 ... o ) nk(2) hk( 00 ... o )

for h,k=1,2,...,m, so that

m
k—1
Ry(2) = ZAhk(Z)(l —z)
k=1
and so that Rp(z) has root of order mp at z = 0. With the new variables
r=x2(z) =(1—2)%, z(0)=1

2Carrying out the calculation yields the value

5<w1 . Wm )::F ﬁ F(Wh—wk)r(gk)7é0
h

o1 .- Om T(ok +wh — wi)

see (8).
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we compose and rewrite the previous functions in the following manner
%h(l’) = Rh(l — In), thk(x”) = Ahk(l - fEn)
The neighborhood of z = 0 is mapped to the neighborhood of x = 1; PR (x) has therefore at x = 1 a root of order
mp. Setting
Sn(x) = (z — 1) Ry (z),

we then have that &, (z) is regular in a neighborhood of x = 1; Thus we can easily see that &, (z) is a polynomial.
Introducing yet another independent variable y and setting

-1 _ k=1

m k
Tu@ y) = Y W) F———,
k=1 Yy

Un(z y) = thk(xn)yk_17
k=1

we then have the identity
Un(z y) = (x = 1)™En(x) + (y — 2)Tu(z y)
for (h =1,2,...,m). From subsection 3. The determinant
|2k (")

is non-zero, if = is not an n-th root of unity. So following from this condition for every value of y at least one of
the m numbers

i/[h(xa y)

-

is an algebraic number of degree exactly n. Any two rational numbers with positive denominators % and 5—3, that

1 1 1 1
satisfy ‘Zlhe inequalities (%) mE< 1;—1 < (%) mE, (%) e < Z—; < (%) ™ ¢ may be used to assign the following values
to x and y

for (h =1,2,...,m) is non-zero.

5. Let a,b be two natural numbers such that

LS _ q1p2
== y=-—".
b1 P1g2
As long as x is not an n-th root of unity then at least one of the m Ll (z,y)’s is non-zero. So for some hg we have

Upy (aj? y) # 0.

Clearly Uy, (x,y) is a rational number whose denominator can be estimated to its upper limits.
It was claimed earlier that

o+0nk—1 _1
- (o+ D)™ !
olo = )™ M Apk(2) = (—1)™ o (1—2)
; (bh (knl + Z)
with
(e+D)l(a)™ " (0 + 6n)! . (0 + 6ha)!
o, (=L 41) (k=1 = (k=1 ”;1)’
h(n ) F(” +i Q+5hk)£;]];F<n +1 0+0nhae
in which

(0+ ni)!

(k=1 =
F ( n +i ‘ Q+5hk)
ends up being entirely rational, where on the other hand for z # k we have

(0 + 6na)! _ (—1)eti (n)(2n)...((¢+ dpa)n)
F(%H (n+K)2n+K)...((¢+ 6ha)n + K)

x—1
Q+%h,:r,)
with K = —nl+x—k—n.
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According to a theorem of Maier the lowest common denominator of the coefficients of all the polynomials Apy(z)
must be smaller than the o-th power of a constant that depends only on n and m?. On account of

k-1
$pe (y) ZAhok < 20 > <q1p2)

bp? P142

no+m—1 m-—1
q

we have the denominator of the rational number 4y, (zy). Therefore through multiplication with b2p] 5,

and since U, (2y) is not equal to zero, there exists the inequality
- 1
|8 ()| 7" < efppet T gy

with positive constant ¢; that depends only on n,m and b.
Further from subsection 1. we have

z t1 tm—2 —tq)etOn = g NetOna =1 (¢ oy Votdnm-n—l(¢ L )etOnm
:/ dtl/ dtg/ dtm,l(z 1) (t1 —t2) (tm—2 — tm—1) (tm—1)
0 0 0

(1 — 1)@m= (1 — tp)et0m2=5 | (1 — ty,_1)0H0ntm-1 3

and with the new variables of integration ¢, = zug (k=1,2,...,m)

mo 1 u1 Um —2 (1 — ug)etom =1 (yy —ug)eton2=b  (y o — 1)@m= "1 (g, )et0nm
z) =z duy dus AUy, —1 5,1 80— L +48 -1
0 0 (1 — zu1)9+ 1= (1 — ZU2)Q+ R27 % (1 — Zum71)‘g h(m—1)"7%

whereby due to

1
z x_2

the factors of the denominators are greater than i. Further, since

1—2"\™® 11—z 3n
6 = - J =11 ‘e n—1 -
n(z) ( 1x> , ’1x L4+az+-+a <5
we have the following inequality
Sn(x)] < 3,
wherein the positive constant ¢y depends only on n and m.
Finally, it follows from the integral formula in subsection 2. that
m 1 m 0+onr—1
1) Y Ap(2) = 7/ (1 + 1 —z ) t.L 1 +t, o+onk—1 ¢
o) = 1 gy f, (1 (2 e H )
z#k z#k z;ék

and from the definition of Tj(zy) that
|Tn(zy)| < cf

wherein the positive constant c3 depends only on n and m.
All members of the identity

mo mo
seton = () ot (6-2) ™ Zaion (2

have their values derived either above or below and from them follows the existence of two positive constants cy
and c5, which in turn only depend on n,m and £ so that the sum of the two numbers

me

le no+m-—1 m 1

D2
= ciq, —

q2

_ no+m—1 m—1
U2 = c5qy )

é‘_

)

is greater than two and at least one of the numbers is also greater than one.

3See the works (9) of Maier and (7) of Siegel, where the proofs are carried out
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6. Now we easily succeed in proving the Thue-Siegel theorem for the specific algebraic numbers & *:
“With € an arbitrary constant and m an arbitrary natural number it follows that the inequality

‘5 _ 2 < q—(ﬁ-l—rn—l)—e
q
has only finitely many rational solutions % with positive denominator.”

It suffices to limit the proof of m to the numbers 2,3, ..., n. Only those solutions of the previous inequality need
be considered that also satisfy the following inequality

2\ " D 3 %.

which is a consequence of the first if the denominator ¢ is sufficiently large. For any two such rational numbers %
and %’ the natural number p is determined by the condition

e < gy < g

A simple calculation yields the inequalities
_£ _me\ @ 1 —£ _me\ @
91 <qi" gy (04611 : ) oy <gptmmeTle, ® (05611 : ) :
Now if there were infinitely many solutions for the inequality

e P
q

S q_(%-"_m_l)_e

then it could be show that

2\ om (3 % &
<3) §§ql§(2> 67 qumaX(c4/€ac5/€)7

1 1

2\ " 3\ " 2(m— 2 (n+m-+me—

S) €< Z<(2) 6 g zmax(qf " g ),
3 q2 2

but this in turn would mean that 9, < 1 and ¥ < 1, which contradicts what has been shown above.

Géottingen, February 4" 1931.
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