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Stprose that ¢, and g, are two rational numbers with
/ 3 g2 L
A = gy—27g5 # 0.

and that w, w’ are the fundamental periods of Weierstrass’s function

Pu) = P gy g3) = P(uw, ).

It is well known that all division-values

o (hw —{—h'w'),
n

where n 4 0 and h, b’ denote integers, are algebraic numbers. I
intend to give a simple method for finding all division-values which
are rational numbers, and shall show that their number is finite.

1. By the duplication theorem for Weierstrass’s 5{)—functiou

o2u) — P T2 P +27g'737g3(u) . 0
4p(u )_‘92@( u)—

Here the two polynomials

Py(t) = 114 59, 1+ 293141693,

Qolt) = 4—gyt—g,
have no common factor; for to every given value of ((2u) there must
be exactly four (different or equal) values of @(u) which satisfy (1),
since both functions @(2u) and @(u) are even and the first one is of
order eight and the second one of order two. By hypothesis g, and g,
are rational; therefore we can determine an integer N =~ 0, such that
both polynomials

P(l) = N(t'43g, -+ 295 14-1593).

Q) = N4 —g51—g5)

have integer coefficients. We write
P(a,y) = N@*+ 39,2292+ 205 00° 15 05 ¥*),
Qlr.y) = Ny —g, 2y g5 y%)
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for their corresponding binary forms of degree four. The resultant,
say R, of these forms is not zero; hence there exist cubic forms

Pl(xr y): Ql(x7 ?/) and P2(xv y), Q2(fl?, ?/)
with integer coefficients such that identically
P, y) Py, y)+ Qr, y) @ (2, y) = Rt
P(a,y) Py, y)+ Q. y) Qo y) = Ry
These identities show that for coprime integers p and g the greatest

common divisor S = (P(p.9). Qp.9)

must be a factor of R and therefore is not greater than |R/.

2. When, for a certain argument u, the value @(u) is a rational
number, then @(2u) is also rational. Suppose

_r ou) — "
8{)(”) - q ’ \@(Zu) 8’

where p and ¢ as well as 7 and s are coprime integers,
Le. (poq) =1 (r.s) =1
By the duplication theorem

r = <P(p.q). 5 = —;Q(p,q),

where S = (P(p.q), Qp.q) < |R|,

. ; P(p,
T R
Hence

f—

P2t = {P .9+ Qp. 9 = 5 (P(p.q) + Q. %)

Now the binary form of degree eight

P, y)+Qx,y)?
is positive definite; therefore there exists an absolute positive con-
stant C, such that, for all real x and y,

P,y +Qx, y)? = C@+y2),

and, in particular, C

where A(u) and A(2u) denote the arithmetical functions

A) = prtet, AQu) = rts

{4},
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3. Suppose that C\-1
3
A(u) > <F) .
. O\
Then AQ2u) > A(u) > 7

and therefore
Au) < AQ2u) < A(4u) << A(8u) << ....

Thus no two of the rational numbeis

g)(u)’ (@(2?,4), g,)(z’lu), @(23‘”):‘--

Now let g)(hwkw) — g

are equal.

go(zfl‘w+hw) (f =0,1,2,3,...)

are also division-values with the same denominator », and they too
are rational numbers. But there exist at most n? division-values of
denominator n; hence the numbers

p(gfh,‘f{ﬁ'w') (f=0,1,2,3,...)

n

cannot all be different. Therefore we cannot have

A(’w’“’ﬁ"') = (C')”%,
n

Iz
’ ! _L
but must have A hot W’ < 2 5.
n R?
There is only a finite number of solutions of the inequality
C\-1L
A < ()

and they include all division-values which are rational, and so the
number of these also must be finite.

4. Our proof gives a method of determining all division-values
which are rational numbers.

Tt is possible, in any special case, to find a constant C' and the
resultant R. Then we write down all the NV fractions p/g, where p
and ¢ are coprime integers with

s (C)E
P*+q &("R‘z) .
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When p/q is one of these fractions, then we calculate the first N1
members of the sequence
bz i Pp.q) e Pruq) s _ P2 1)
q 4 Qp.q) 9> Q(l)l 0 93 Qps )
If any one of these fractions, say p;/q;. does not satisfy the condition

2, o O\ %
ritqi = (F) =

then p/q is not a division-value. When, however. all members of the
set satisfy this inequality, then two members of the set, say p,/q; and
p;/q;, must coincide.

It plq = @(u). then

i ©20), Py O(20u), O(20u) = @(20u);
4q; 95
hence 2 = L2 (mod w, w’).
Therefore 0 — har4-h'w
n

where » is a divisor of (27— 2/)(2/1-27) i.e. of 2’—2% and h and »’

are integers, and thus
P ) (hw ~+h 'a)')
- g.)
q n

is a division-value in this case.

It is not difficult to show, by way of example, that, when g, = 4,
g5 = 0, there are no rational division-values of the @-function other
than p(lw), P(lw’), PEw-+1w’).



