A PROOF OF HURWITZ'S THEOREM.
By K. MAHLER, Manchester.

Lemma 1: Let x be an irrational real number, e a positive

number. Then there is a modular substitution
Q= (“ /;) ad — Py =1 (a, B, y, 0 integers),
Y

such that
lax +p| < e |yv 4 0] < e, ylyx +0) | =1, 0<a<y.

Proof: Since x is irrational, there exists a positive monotone
increasing function w(¢) of the variable £ > 1, such that

lim y(f) = o,
-0
and that the inequalities
1
0 <y <wp(t), |yx-+0] gg
have no solutions in integers y, 6. Suppose that ¢ is already
so large that

— < €.
w(2)
By Dirichlet’s principle (the Schubfachprinzip) there are
two integers y and ¢, such that

< €,

1 2
t

1
0 <y =t |yp+o|l=-

and therefore



4

|yx + 0] < e, [ylyx +08)| <1, p(t) <y <t
Obviously, y and 6 may be supposed to be relatively
prime. Hence we can find two other integers a,, f§;, such that
ay0 — oy = 1. The most general solution of ad — fy =1 is
given by
a = ay 4+ yk, p =, + ok,
where % is an arbitrary integer. We chose £ such that

0<a<y<t.
Irom the identity
a(yx 4+ 0) — y(ax + p) =1
then follows that

1
’ax—’r»/)’[zl;' |a(yx +06) — 1] <
1| 2
= -y + o) [+ 1= 5 < e
7 w(¢)

as was to be proved. —

. fa B . . .

Notation: If Q = { /S> is an arbitrary matrix, x a real or
Y C

complex number, then we write

Lemma 2: Let x and vy be two different veal numbers, e
a positive number. Then there is a modular substitution

Q= (a g), for which
y 0,

Qv —Qy | = /05, lyx +ol<e.
Proof: TFor rational x, there exists a substitution Q in
which yx + 6 = 0, so that the lemma is obvious. Suppose

therefore that x is irrational. By Lemma 1, applied with g

instead of e, there is a modular substitution Q, = (a" §°>
Yo o
such that

o B[ <0 [mx + 8| <5
9] J

]Vo(?’ox na 5(;)[ =1, 0<a=<y.
Without loss of generality



o

e <H, e<|x—y]|, E&<H|x—y]|.

Hence

! (76 + o) (voy -+ dp) I = (vox + 69)2+ vo(vox + &) (¥ —x) ‘ =
Sle—y|G+1) =8|r—vl,
and therefore
X — - 3

(vo¥ + 09) (voy -+ 00) | .

If | Qv — Qyy | = /b, then , has the required proper-
ties. Hence assume that

= lQOX“Qoyl < 0.
Let %2 be an integer and
X=0Qx, Y=Qvyv, A=X-—-Y, p=X+4Y,

so that identically

IQOx—Qoy]:

—1 — 1 4
U(k) = e = .
X -+ k Y & (p + 28)2 — A%
4
It %§|/\,:|90x—goy]§;/a5,

then chose % such that
[+ 2| <1
hence
(b 2k)2 - 22| < max (12, 22),
and therefore
I4|A[> >\/0f01%_{)\l§1,
IU(k)[_>_ 4[)\[ 4 for 1 < 4
l——/\z—f })\! = 4/ for _\[ <

—= ,\/5'

If, however, ;/Lr <| )\[ < /5,

then we determine % such that either
— < p+ 2k < —Torl <pu+ 2k <2;
hence

4 \2
| (1 4 Rk)2— X% gmax<22—<7> , Az—ljz

=max (}, 2 —1) =2 —1,
and therefore

since
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A
‘tliz\/5for{/l—5§|?\l<\/5.

Hence in all cases

|~

| Uk) | = 45

for a certain integer k; if Q denotes the matrix
— — 0, 0—1
Q:(aﬁ>=< Yo 0>:< >Q,
y 0 ay + kye o + kv 1 k)
then
|Qx —Qy | = 5.
In order to show that

"Vx ‘I‘él:| (agx + Bo) + Rlyox + 50>'< €,
it is obviously sufficient to prove that ]kl < 4. Now

ay + fo ag(y — %) + (v + Bo) |

vo¥ - 9 N Yoy — %) + (yo¥ + &)
hence, since 0 < ay < y,, vo = 1,

Y = Qp =

€

}’oixmyl*f—;

1

ME R e e
e |lx—yl|l—3%]x—y|
Vo’x_yl—g
Therefore
wl <A b2V <yb£2.8 <6,
and
2k <|p|+2, |k <4
Lemma 3: If
1+ 45 — /D
YeE o Y oy

~ A~

then for all modular substitutions Q = (a §>
Y

| Qv — Qy | < /5.
Proof: Obviously

| Qv — Qy | = —
where
Dy, 0) = (v + 20)* —Dy?

is always divisible by 4 and does not vanish.
Theorem of Hurwitz: Let a, b, ¢, d be four real numbers of



/

determinant ad — bc = 1, e a posivive number. Then there are
two integers w and v, such that

[(uu—]—bv)(cu%—dv)lg—}— |aw + bv | < e, u*+ 02>0.

Vo
If
1 + 45 1 1 — /5 1
a:~_———’b= ’C:-_—yd: )
21D 5 21¥'b 5
then
1
| (au + bv)(cu + dv) | = 7

for all integers w and v, which do not vanish stmulianeously .

Proof: It suffices to prove the theorem for integers # and
», which are relatively prime. There is, therefore, a modular

substitution Q = <a §>, such that y = %, 6 = v. Put
Y
1

a ¢ that a ¢
e — = SO —— e = —— IS — N
A B T
then identically
1 _
= G = Qx — Qy;

(au + bv) (cu + dv)  (yx 4 0) (yy + 9)
and the theorem follows at once from the last two lemmas.



