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Let K: F(X)<1 be an n-dimensional star body of the finite type '
let ;. be the set of all lattices A satisfying

F (A) =1,

and let Sy be the set of the determinants d( A) of the elements A of .

Very little is known about this set S;. Since all critical lattices belong
to dp, it is clear that aA(K) is the smallest element of Sy ; morcover, if
K is bounded, then Sy consists just of all numbers not less than a (K). If,
however, K is not bounded, then Sz may be a very complicated set, as is
seen in the classical case of the region ?
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It has therefore some interest to find properties of this set.  One such property
is proved here in the special case that K is an automorphic star body; this
case includes some of the most interesting examples in the geometry of
numbers.

Turorem: If K is an automorphic star body, then S is a closed set.

Proof: Let Az, Az, As, - be an infinite sequence of elements of ¢,
such that the finite limit

6= lim d(A)
r—>» o0

exists; we must show that this limit belongs to 8.
We can find, for every index r, a point O of A, such that

I<FWO) <1+ 3

and an automorphism Q, of K such that
P,=,0,

is different from 0 and lies inside the sphere of centre 0 and radius c; here
¢ is the constant of Definition 9.1 The transformed lattices

Af:QfAr (7"=‘=1,2,3,"‘)
satisfy the relations
FAY) = A, dAT) =dA),

whence

F(AH =1, lim d(A¥) =3;

r» 00

they form therefore a bounded sequence. Hence we can find an infinite
subsequence

A=Ay, AD =K., AO=Ap, -
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which converges to a lattice, A say. Evidently the following statements hold:
(a) The lattices AW, A@ A® ... converge to A and satisfy the relations,

FAOY) =1, lim d(AV) =3,
r> 0

(b) The points PO = Py P9 = l)"e‘ 1@ = l’,~3v -~ have the properties,
P 40, | PO < ¢, P lies in AV,

lim F(PD) = lim F(Q,) =1
r—»o r>ow N
Hence, by Theorem 19 ',

F(A) =1,
and by the continuity of d( A),

d(A) = lim d(A0) =3,

r—>om

as was to be proved.
It would be of interest to decide whether the theorem remains true for

non-automorphic star bodies.
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