On the Arithmectic on Algebraic Curves

K¢ Mahler

Let g , Ez,....,P be a finite sct of prime numbers,

and let Z be the set of all rationsl numbers of the form
a2 Pat
2.0. .t

wherc the a's run over all integers, positive, negative, or

T B'P

zero, Let further

m ‘ h k
£lx,7) =g igb “ne X

where F = Z..J }{l> O
h*O k=0
bc a non-constant polynomial with intcgral coefficicnts,
irrcducible over the rational ficld, The algebraic curve &
defined by f(x,y) = 0 may be rcducible, however,

Theorem: If there exists an infinite set S of points

(x ,y) on C for which both x and y belong to » , then f(x,y)

is the sum of exactly two terms,

Proof : For every rational number x = a/b, where the
integers a,b are relatively prime, write #x = max(|a],|bl)
It 1s easily proved that
(1): *ygF(%x)m, #x<F(#y )P
for every element (x,y) of S,

If min (wx, #y) is bounded in S, then f(x,y) is of the
form ax + b or ay + b; where a and b are integers different
from zero, We exclude this case; then both #%x and ¥y tend to

thfinity when (x,y) runs over 87),



7 ) Here and later, it nay be necessary to replace 5 by a
suitable infinite subsequence; but, for shortness, wo shall

not mention this each time,

On, if neccssary, replacing x by 1/x, or interchanging
x and y, or doing both, we may assume that _
(2): 1/|x| is bounded for the clements (x,y) of S,
CASE A: %x_lx!z for the olements of S; hence |x| tends
to infinity,
The points (x,y) of S lie thercfore on an infinite branch

of C defined by a convergent series
(3): y = axn/q + a7xGﬁA~A)/q + QZX(P’-z)/q +

eses
here x and q are integers satisfying
(4): ~ a2, (p,a) =1,
and a # O, 34 5 Bpsee.. are real algebraic numbers.

If ay = g, «o. = 0, then C 1s the curve glx,y)
= 33 -« 2a9%P = 0, a9 is a rational number, and f(x,y) has the
asserted form since g(x,y) is irrecducible, Let this case be
excluded,
. Denote by a,, where r2l, the first of the numbers a4 , a5
s.e+s Which does not vanish; further put
(5): z = x"Pyd, A = aq,
so that

linz = A#0

when (x,y) runs over S, Also z beclongs to ¥ _, and by (1) and®)
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(6): w2 <(sx)P (#y)? <oy (wx)P T WA
here c4 , and similarly co, GS""; denote positive numbers
independent of (x,7).

By (3) and the definition of r, z may be written as a
convergent series
(7): z = A+ A v7q+qu_7x
where, in porticular, A # 0 and A £ 0. Honce, for (x,y) in S,

o<|z=A| <co|x| -V/q —3 0,

- +1) ) /a9 .+

.‘lt’

Therefore, by the hypothesis #x< lxl2 and by (6),
(8): 0<]z=A] < cz(%x)"y72q < 05(*z) -3 ,
whore‘z = zad ,

e e s g o———

Bq(/fw g )

contrary to a well-known consegucnce of the Thue-Sicgel theoren )e

2) If A # 0 is an algebraic and § a positive number, then
O<|g£A{ < (»::-z)-g for at most a finite nunaber of elemcnts z of
7 e See my paper, Proc. Kon. Akcd, Austerdam, 39 (A936),
633-640, 729-737, Satz 3.

CASE B: %x>lx|2, so that |x| 1is possibly bounded.
Write x = a/b where (a,b) = 1, ab # 0, We have, cither
[bl, or #x = |a|> 2 /b?, whence b2>|al; [o[>]a] 1/2
= (*x)l/z. Hence in either case,
[o]>(#x) 12,
On factoring b, let PS by the greatest poweér of a prime
dividing bj; therefore

PS 2 ’b! l/t
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from the definition of Zi} We may assunie P is the same prime
for all elements of S,

Denotc by [ulp the P-adic value of the arbitrary P-adic
number u, where the P-adic value is normed by the condition that
P [Pfjp = 1., Then
(9): xlp = 2% > ol Mz () V2
for the elements (x,y) of S, Hence X, considercd as a P-adic
nunber, tends to infinity as (x,y) runs over S. This enables us
to procecd just as in Case A, exccpt that we are now dealing with
P~-adic numbers and values,

Again the points (x,y) of S lie on an infinite branch
of C defined by a serics (3), excent that this series converges
now in the P-adic sensec and that its coefficients a #0 ,

‘

a Ggse.e ATC P-adic algebraic numbers; let (4) still be

1 2
satisficd,

We exclude once morec the case that Qg T 05 T ees T o,
when the asseftion is certainly true, and denotec again by a,,
where r21, the first non-vanishing cocfficient a4 s Qo e e
Define z and A by (5) so that now

limz = A # 0

in the P-adic sense as (x,y) runs over S, The inequality (6)
remains true, and z may be written in the form (7) where A £ 0
and A, # O,
and where the convergence 1s in the P-adic sense,

Therefore now, for (x,y) in S,

O<[z~Alp<c IXIP _Y7q,~5 0.



By (6) and (9), this implies that
O<|z~A[P< c4(*x) -r/2qt .« 05(*Z)~S, where

S = - .
Bqt(fw nq )

This inequality, however, contradicts the P-adic analogue to

the theorem quoted in the footnote 2) 5).

) The proof in 2) can be extended to the P-adic case by using
the result of my paper, lMath, Annalen, 07 (793.), 691 =730,
Satz 1,

By way of example, take f(x,y) = x + y = 1, Then the
theorem implies that if u,v are intcgers different from zero
which are relatively prime and for which x2 + y2 tends to
infinity, then the greatcst primec factor of uv(u + v) also
tends to infinity.

In 2 later paper, I hope to extend the result of this

note to arbitrary finite ulgebraic ficlds,



