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large alum crystal, the others were made of wood, glass or brass. The agree-
ment between theory and experiment is as good as could be expected.
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A FACTORIAL SERIES FOR THE RATIONAL MULTIPLES OF e
By K. MAHLER

A special case of a theorem by G. Cantor* states that every real number o
can be written in a unique way as a series

- In

o = —
n=1 n!

where the coefficients g, are integers, g, being arbitrary, while

0<g,<n-—1 foralln >»>2 ... (2)
and
0 <g, <n — 2 forinfinitely manyn > 2. ... (3)

One finds, in fact, that
g, =[a], and g, =[n!a] —n[(n — 1)l «] forn > 2,

and that, more precisely,

N
gn | AN
a=,,§1'n!+N!
where
0] qn
oy =Nla —[Nla] =N! Z ‘—', 0<ay < 1.
n=N+1 "

Our aim is to construct the series (1) in the special case when « is a rational
multiple of e. For simplicity we shall, however, assume that

o = g e, where p and q are integers, and 1 <p <gqg — 1. ...... (4

The developments of other rational multiples of e may be obtained by adding
suitable integral multiples of one of the series

© ] ®n—2
e—2+n§2nl’ ¢ 3+n§3 n!
1. The classical series
© ]
e = X —
n=0 n!

may be written as
o ¢g—1 1

mEO kEO (mg + k)t

We therefore shall try to find integers a,, b, such that
pegt 1 Gl _agm by
9 x=0 (mg + k)!  p—o (mg + Kk + 1)!

e =
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identically in m. For this identity implies that

b4 2951 aym + by
—e = —_———— 53
q° mEO kEO (mg + k + 1)! (58)

giving the required series, provided that
O<<agm -+, <mg+k . (6)
for all pairs of integers k, m with mg + k > 1, and
O<<gm +b<mg+,k—-1 .. (7)
for infinitely many such pairs.
2. The identity (5) is equivalent to

qil P _ 1 (apm + byl _ a1 { Oy, brg — (k + l)ak}
k=0 (mg + k) 3o (mg +k +1)!  ,_o (mg + k)! (mg + k& + 1)

=20 S a b g ke | (Bgy —a,4)g
(mg)!  x=1 (mg + k)! (mg + q)!
It is therefore satisfied if
== p’

ay +bk—-1q_kak—1=.p (k=11 2»--'sq_1)’
ba—-l = Qg3
It thus suffices to choose
if k=0,

p
+ ka
ak"‘[P +kag_y —bp_ 19 =(p +kay_y) — [p—__k;l:l ifk=1,2,...,9 ~1

and
PEE+Nan yp 01,02
bk=
a

q
1 ifk=gq — 1.

3. Since 1 € p < ¢ — 1, evidently
0<ag, <qg-—1 k=0,1,...,¢g—-1). ... (10)

Further
0<b,<k+1 (b=0,1,...,g—-1). ... (11)

For b,_, = a,_;, and so this inequality holds for k£ = ¢ — 1; if, however,
k=01,..,q—2, then

P+(k+1)ak<(q—1)-i—(k+1)(<I~1)
q q

<k + 2
hence < &k 4 1.

0<b, <

From (10) and (11),
0 <aym +b,<(@—1lm+(k+1) =(gm+k — (m—1).

Hence the condition (8) is certainly satisfied when m > 1 and the condition (7)
when m > 2. It follows that all but the ¢ terms

g1 by
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of the series (A) corresponding to m =0, k =0, 1, ..., ¢ — 1 have the
required form, and this series gives the development (1) for (p/q)e except
perhaps for its first ¢ terms. We have thus the following result.

THEOREM 1: Let 1 < p < q — 1. In the development (1) for (p/q)e all but
the first q coefficients g, have the explicit form

gp =aqgm + b, if n=mg+k+1L,k=01..,9—-1m>1, ...... (13)

where a,, and b, are defined by the recursive formulae (8) and (9).
In other words, all but finitely many of the coefficients g, form ¢ separate
arithmetic progressions when 7n runs over the different residue classes (mod g).

4. In addition to the recursive formulae (8) and (9), there are also explicit
expressions for a, and b,.

Put
1
o = k! (1 +—-+2, ¥ +E) k=0,1,2..) oo (14)
so that c, is a positive integer, and
00 = 1, Gk = 1 + kck_l if k > 1. ...... (15)

Then, by (8), the expression
dy, = ay — Py,
satisfies the congruence

dy = (p + kay_;) — p(1 + key_y) =kd,_; (mod gq).

Since evidently d, = 0, this implies for all £ > 0 that d;, =0 (mod ¢) and
therefore that

a;, = pc;, (mod g).
But then, by (10). necessarily
a, = pe, — [g ck] ¢ (16)

for all values of & > 0.
Next, on substituting this expression for a; in (9), we find that

k
24 + por =k + 1) [2e,]]
and hence that

b, = [g 1+ (& + l)ck)] —(k+1) [g c,,:] ...... (17)

for all £ > 0, including the case when k¥ = q¢ — 1 because then the right-hand
side is equal to

p P . D
[E:] + PCy_1 — ¢ [E ca—l] = Qqy_1- simce [E] = 0.

The integers ¢, increase rapidly. Therefore it proves to be preferable to use
the recursive formulae (8) and (9) rather than the explicit expressions (16) and
(17) for the actual computation of a; and b,. It may have some interest to
study the arithmetical properties of these coefficients.

6. The following two tables give, (i) the lowest cases of the series (4), and
(ii) a table of the coefficients a; and b,
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Table of series:

e 1 X m+1

50 2 Em D

e 1 2 X m 2m + 1 2m + 2
§“§!+§+m\il((3m+1)!+(3m+2)s+(3m+3)!)’

2e 1 1 1 K 2m 4+ 1 m + 1 m + 1

3 =T Ta Tt +m=1((3m—+—1)!+(3m+2)!+(3m+3)!)’
g—_l l X m 2m + 1 m + 1

1= T3 +m=1((4m+1)!+(4m+2)!+(4m+3)1)’
§_e__gv X 3m +1 2m + 1 3m + 3

Y +m=1((4m—{—l)!+(4m+2)l+(4m+3)!)’

e 1 1 ] m 2m + 1 m + 1
522_!+E+m2=1((5m+1)!+(5m+2)z+(5m n 4)!)’

2e 1 2 X 2m 4m + 2 2m 4 2
€=Tz+?f!+mz=1((5m+1)x+(5m+2)!+(5m +4)!)’

3e 1 1 3 °°(3m—}—1 m + 1 3m+3)
s ntata 2 \Gn ) Tem a9 T Gm Dl
4e 2 1 X a4m + 1 Im + 2 idm 4 4
3=T1+3_z+m2=1((5m+1)1+(5m+2)!+(5m+4)!)'

Table of coefficients:
§=%1}§%2%§'%§%%%3%%*’??%%%g%%%g%%ﬁsf‘cfﬁiﬂo’
g, 1121312341512345613571245781 379
bp 1010100110100011100110001110 0 1 1
g 021222413242461352626248157 2648
b, 0111112120201201201120120120 1 1 2
g 211300005153164257135127840505 5 5
b, 2113000021210321231210123211 2 2
ay 0012344224613500007518426 8 2 4
by 001234221231230000320421 2 3 1 2
a, 000051246135136572481575 5 5 5
b, 00004113412402351241342 2 3 3
ag 244152636262248157 6 8 2 4
b, 24314253415212514535 1 3
aq 4152635713487215 71 9 3
b 41526346133652145 1 7 3
ar 4444248157000 0
b, 4444137157000 0
aq 8754211 3 7 9
b 8754211 3 7 9
ag 0O 0 0 0
by 0000
Manchester University. K. M.

1905. Few people, I think, realized that (Belloc) was a considerable
mathematician, but you were aware of it when you heard him talk about the
technical details of bridges or about squaring the circle.—J. B. Morton,
Hilaire Belloc: a memoir, (Hollis and Carter, 1955), p. 39. [Per Professor
T. A. A. Broadbent.]



