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1. Let
fxX)=x*+ax+b
be a polynomial with integral coefficients satisfying
d=4b —a* >0, (a,b)=1. (1)
The zeros -
(—a+V—d), «=3i—a—+"=d
of f (x) are thus conjugate complex numbers, and they are conjugate
algebraicnumbers in the imaginary quadratic field K = R (¥ —d) generated
by ¥ —d.
With f (x) is associated the linear difference equation
Wats + aWni1 + bwn = 0, @)
where n is assumed to run over the positive integers. We consider only
solutions w, that are integral for all such n and do not vanish identically.
I shall in this note establish a lower bound for | w, | which, except in
certain trivial cases, tends rapidly to infinity with n.
2. The two special solutions

o

an—oa'n .
Un= s Un ="+ & €))

of (2) are integral for all n and begin with the terms
u1=1,u2=_a; v1=—a,vg=a2‘—2b,

where
UV — UV = — 2b -'# 0.

Hence there are three integers p, g, and r > 0, such that the sum
Puy + qVy — I'Wy, = Z, SAY,

vanishes for n =1 and n = 2. But z. is a solution of (2), hence vanishes
identically, and so it follows that

rWn = pun + qua for all n. 4)
3. From
la|=]a| =+ 5"
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it is obvious that, as » tends to infinity,
max (| un |,| vnl, [wa]) = O (")

Here " is bounded for all » only if » = 1. From now on let this
trivial case be excluded; by (1), it occurs only for the three polynomials

¥+1, x*—x+4+1, or x>+ x+1. 5)

Then, from (3), also :
max (| un |, | vn ) > cob™?, (6)

where c, denotes a positive constant that does not depend on n.

Put
3 = (Un, 'Un).

We assert that 8, may assume only the two values
1 and 2.

For let s be either 4 or an odd prime, and assume that, for some
value of n, 3, is divisible by s. Since

n vn+uém/—d and ’a," _ v,.—-u;«[——d’ %
it follows that

2an and 20’
s

are integers in K. Denote by ® a prime ideal factor of s in K. Then
evidently both « and «” are divisible by ®, hence also

= — (¢+a') and b = ao',
This implies that both @ and b are divisible by 2 if s =4, and by s
otherwise, contrary to the hypothesis (1).

From now on put

Un Uy oY
Xn =5 and yn=g5 ‘ ®

Both x, and y, are integers, and they are relatively prime; further, by (6),
there exists a positive constant ¢, independent of » such that always

max (| X |, | yu ) > b &)
From (3) it follows immediately that
du? + v = 4b",
Hence :
- dx2 + yi = e.b", (10)
where €, = 4/82 ' .,

is either 1 or 4.
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4. The equation

wp =10
is equivalent to pu, + qv, = 0, thus by (7) implies that
()= rers
o p+q«/ d’
In general this condition for n has at most one solution ; and by
o a

it cannot have more than one solution n unless «/«’ is a root of unity
distinct from — 1. This root of unity lies in the imaginary quadratic
field K and hence is one of the numbers

L g or FLFY3
2
Now
a _ —a+V—d _(@=2b)—aV—d
« i Ad—d 2b '
Therefore «/a’ = — 1 demands that a = 0, hence by (1) that 5 = 1; and so
fx)=x*+1,

a case already excluded. Similarly «/«’ = F | requires that a> — 2b = 0,
which is impossible by (1). Finally
« _ FIFV=3 a’*—2b 1
o = 5 can hold only if ap = T 3
thus if either a* = b or a®> = 3b. The second case is again excluded by
(1) ; the first case holds fora = F 1, b = 1, hence for
f(xX)=x*—x+1 and f(xX)=x*+x+1,
and these two cases have also been excluded.
We have then the result that if /(x) is not one of the three polyno-

mials (5), then at most one term of the recursive sequence w. can vanish.
5. From now on let then » already be so large that

wn £ 0. (1D

We can then study w. by means of the p-adic generalisation of Roth’s
theorem due to D. Ridout [I]. We need one special case of this result
which can be formulated as follows.

Let F (x, y) be a binary cubic form with integral coefficients and of
non-zero discriminant, and let x, y be any pair of integers satisfying

F(,»)#0, (xy) =1
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Let py, ps, . .. , p: be finitely many distinct primes, and let P (x, y)
denote the largest divisor of F (x, y) that has at most these prime factors.
Then, to every given constant >0, there exists a positive number c
independent of x and y such that

[F(x, )|
P(x,y)

This theorem will now be applied with

> cmax (x|, |y

F(x,y) = (dx*+y?) (px+qy) and X = Xn, Y = Yn,

where the suffix n is assumed to be already sufficiently large so that (11) is
satisfied. Obviously all three linear factors F(x, y) are distinct so that
its discriminant does not vanish. From (4) and (10),

F (X, yn) = 87 en br wy, #£ 0,

where naturally the right-hand side is an integer. Thus Ridout’s theorem
may be applied. For this purpose choose the set of primes py, ..., p:
already so large that it contains in particular the prime 2 and all the
prime factors of both 5 and r. In analogy to P (x, y), let W, be the largest

divisor of w.» that has at most the prime factors p;, ps,.... n.. Since
evidently
| F (o, y)| _ [l
P(x"s y")
Ridout’s theorem and the inequality (9) together imply that
1Wnl 5 ¢ max (xal, [ya )1 > cb¥0=9 (12)

Wa

where the new constant
C.=¢ c}"g >0
is independent of n.

If in (12) we decrease the number of primes py, ps, . . . , pr, Wn cannot
increase, but may decrease, and so this inequality is still valid. We arrive
thus finally at a result which may be formulated as follows.

Theorem : Let a and b be integers satisfying

4b > at, b>2, (a, b) = 1.
Denote by wy, wy, W3, . . . a sequence of integers not all ze:o such that

Wnig + QWnyy +bwn =0 for n=1,2,3,... .

Let py, ps, . . ., Pt be finitely many distinct primes, and let Wy be the largest
divisor of wa that has at most these prime divisors. Let finally € > 0 be an
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arbitrary constant. Then, as soon as n is sufficiently large,

| 1 1
‘;;;"l > b(“ ) and hence also | wn| > b(i 2 .
For we have
et 1= n — p3=e)n . ¢, pren > pE—9" a5 s00n as ¢, b7 > 1.
This theorem is nearly best possible because
wn = O (b"?).

There is an analogous theorem for the case when 4b < a* which can be

proved in the same way.
One of the consequences of the theorem deserves to be mentioned.

COROLLARY. Under the hypothesis of the theorem, the greatest prime
divisor of wa tends to infinity with n.

By way of example, the difference equation

Wnia — Wntr + 2wn = 0
is satisfied by the sequence
o,11,-1,-3,—1,5,7,—3,—17,—11, 23,45,—1, .. . etc.
which has a great number of terms F 1; but we naturally are now certain
that there are only finitely many such terms.

It would have much interest to extend the theorem to linear
difference equations of higher order, but this will probably be difficult.
In a previous paper [2], I proved a result of which a special case may be
formulated as follows.

Let

fx)=x"+a, x** 4+ a x* >+ ...+ ax

where k > 2, be a polynomial with integral coefficients and with the zeros

&y, %, . .., %k ASsume that the zero w, is not a root of unity, and that none
. %y o Ar-q . . .
of the quotients Ql—, ?2’ cees ——;—1— is a root of unity different from + 1.
k e k
If Wi, Wa, W, . . . is a sequence of integers not all zero that satisfy the

difference equation
Wisn + @1 Weano1 + @s Wign—s + ... + ax wa = O for all n,
then

lim |wn| = o0,
n-y o

The proof of this theorem was based on a method due to Th. Skolem.
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This result is much weaker than the theorem that we proved in the

special case when n = 2.
The corollary is not new ; see my note [3].
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