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An elementary existence theorem
for entire functions

Kurt Mahler

It is proved that, for any m given distinct real numbers

Qs wees G s there exist transcendental entire functions f(z)

at most of order m for which all the values
(n) n
bl (ak) %

are rational integers.
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Let a a , where m = 2 (the case m =1 is trivial), be

IEERERE
finitely many given distinct real numbers, and let

h =

" 0
hi \d =1

be infinitely many real numbers still to be selected. Put

m
glz) = (Z'al) cee (Z“am) > Ak = 29'(ak)' = ;:I-lak_aj| 5
J#k
so that all Ak are positive numbers. Let further
(2)"
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o m

f(z) = (z) .

= L gy
=0 j=1
Then, for all non-negative integers n ,

gég)ﬁzk} =0 if j=%k and h>n ,or if j #k and h=n ,

but

() m (a - )n+l An+l

n = Sk gt Lo o nkTTk

o) = ey TT - s R
nk 'k nk j=1 (n+1)! (n+1)!m"l
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It follows therefore that
n+l
A n=-1 m
( _ YKk n) =0,1, 2, .

(1) f n)(ak) =2 x 7 'Z géj (ak) Z =1,2, ..., m

(n+1)1™ L p=0 =1

2.
Here, in the double sum on the right-hand side, there occur only

coefficients a, . with 0 < h <#n-1 . This basic equation (1) enables us

hj
therefore to select the coefficients ahj suitably by induction on & , as
follows.

Firstly, take

a., =%A (k =1, 2, ..., m) ,

so that

f(ak) =31 (k=1,2, ..., m)

Secondly, let n = 1 , and assume that all coefficients ahj with

< h = n-1 have already been fixed. There exist then, for each suffix

=1, 2, «v.y,m , just two real values of a;. such that simultaneously
m=1 n+l m=1
- ! < . < 1
(n+1)! < ankAk <+ (n+l)! s a #0,
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f(n)(ak) is a rational integer.

With the coefficients ahj so chosen, we find for f(z) the upper

estimate

>|h,

IF(2)] = § T lgz)| lg(=
=0 g=1 4517 jI A;‘.hz

]
lg(z)]
i . exp[ . .
dJ
This estimate shows that the series for f(z) converges absolutely and
uniformly in every bounded set of the complex plane and defines an entire

function of 2z at most of order m .

In fact, since there are always two choices for each of the

coefficients ahj , Wwe obtain a non-countable set of such functions f(z)

Hence, amongst these functions, there are also non-countably many which are
not polynomials and hence are transcendental entire functions. The

following result has thus been established.

THEOREM. Let a,, ..., a_ be finitely many distinet real numbers

1’ m
where m 2 2 . There exist non-countably many entire transcendental

functions f(z) at most of order m such that all the values

=

(n) n=0,1, 2, ...
)

are rational integers.

3.

Two interesting questions arise now which I have not been able to
solve. The first one concerns the extension of the theorem to the case of

infinite sequences.
PROBLEM A. Let S = {ak} be an infinite sequence of distinet real

numbers without finite limit points. Which conditions has S to satisfy

i1f there is to exist at least one entire function f(z) not a constant
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such that all the values
(n) =
e (32

are rational integers?
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In the special case when S consists of the integral multiples of a
fixed positive number, I have proved that there do exist entire functions

with this property; see [1].

To formulate a second problem, let again a am , m=2 , be a

10
finite set of distinet real numbers, and let f(z) be one of the functions
the existence of which has been established in the theorem. Since we may

replace 2 by 2 - a, s there is no loss of generality in assuming that

a =0 . With this choice, the set {al, cees am-l} has then

non-countably many possibilities. On the other hand, it is easily seen

that there are only countably many entire functions of the form

h

f(3)= ‘fhk!

Il o~1 8

h=0
with rational integral coefficients fh which satisfy algebraic

differential equations. Taking m = 2 , we arrive therefore at the
following question.

PROBLEM B. For which real values of the nunber a, # 0 does there
exist an entire transcendental function [(z) which

(i) satisfies an algebraic differential equation, and

(i) has the property that all the values

f(n)(O) and f(n)[al) (n=0, 1,2, ...)
are rational integers?
Such functions always exist when aq is a rational multiple of T

but I do not know whether this is the only case.
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